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ABSTRACT 
This report describes the results of a study directed toward 
development of an effective algorithm for estimating the domain of 
attraction of the equilibrium state of the OAOa 'lpaired-~racker" 
coarse pointing mode attitude control system via "optimal" qua- 
dratic form Liapunov functions. The algorithm is developed by 
formulating the estimation problem as a min-max problem which is 
solved by random search techniques. 
The model of the system is reviewed, and several approxima- 
tions to it are developed. A Popov type stability analysis is 
carried cnxt for a simplified model to determine if it is abso- 
lutely stable and to then formulate a Lurh type Liapunov function 
to be used in the estimation procedure. The results of the analy- 
sis were negative due to a pole at the origin of the linear part 
of the system and because the dominant nonlinearity was saturation. 
The algorithm is tested on both the full nine dimensional 
model and a six dimensional approximation. The results for both 
are similar, but disappointing by comparison to simulation re- 
sults. However, the estimates obtained are well into the region 
where the nonlinearities are dominant, and this is encouraging. 
Recommendations for further research are made in the areas 
of: better search techniques for problems of high dimension, 
methods for determining the fundamental limitations of "optimal" 
quadratic estimation of the domain of attraction, and more direct 
methods of estimating the domain of attraction. 
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This repor t  describes work performed under an extension t o  
Coneract MS2-4063, "Nonlinear Analysis of the  &bi t ing  Astronomi- 
c a l  Observatory (OAO) Control System." It deals  with the  develop- 
ment of a numerical algori thm fo r  est imating the  dopain of a t t r a c -  
t i o n  of the  equil ibrium state of the  NASA-Ams "paired-Tracker" 
coarse point ing mode a t t i t u d e  con t ro l  system. This i s  the  con t ro l  
system devised by Doolin and Showman (Refs. 1 and 2 ) .  
I n  our previous work (Ref. 3) we formulated the  system equations 
i n  the  required quasi - l inear  form and developed the  algorithm a s  a 
min-max problem v i a  LaSa l le l s  theorem (Ref. 4) on the  ex ten t  of 
asymptotic s t a b i l i t y ,  and proved the  f e a s i b i l i t y  of t h i s  approach. 
The computational approach was t o  use a gradient  search rou t ine  
(MIN-ALL) and the  penalty function approach t o  solve the  minimum 
problem. Since, i n  f a c t ,  the  problem w a s  t o  f i nd  a p a r t i c u l a r  
l o c a l  minimum under a cons t ra in t  and i n  t he  v i c i n i t y  of t h e  g lobal  
( t r i v i a l ,  i n  t h i s  case) solut ion,  a g rea t  deal  of d i f f i c u l t y  was 
encountered. A t  t h a t  t i m e  a random search was used t o  v e r i f y  the  
r e s u l t s  of t h e  gradient  search. It was much more e f f e c t i v e  than 
the  gradient  search, but  very cos t ly  ( i t  took some 26 minutes of 
IBM 360-75 t i m e  t o  solve the  minimum problem, and t h i s  would have 
t o  be done r e p e t i t i v e l y  t o  solve the  maximum problem). 
The goal  of the  present  study, which i s  described i n  t h i s  re- 
por t ,  i s  t o  make the  f e a s i b l e  approach p rac t i ca l .  We began by 
t ry ing  t o  improve the  gradient  search; however, t h i s  was abandoned 
a s  soon a s  major success w a s  achieved i n  making the  random search 
more e f f i c i e n t .  The improved e f f i c i ency  was accomplished by taking 
advantage of t he  known geometry of the  problem and incorporat ing a 
one dimensional search f o r  the  cons t ra in t  surface .  This was e f -  
fec ted  by judicious choice of the  p robabi l i ty  d i s t r i b u t i o n  of the  
random points  and by incorporat ing appropriate log ic  t o  speed the  
search. 
A s  soon a s  the  algori thm f o r  solving the  minimization problem 
was functioning s a t i s f a c t o r i l y ,  a t t e n t i o n  was .focused on developing 
an e f f e c t i v e  random search f o r  the  much higher dimensional maxi- 
mizat ion problem. Here a " creeping accelera ted random search" was 
employed with some success. The dimensionality and complexity of 
t h i s  problem precluded considerat ion of any search based on gradi-  
en t s .  
Thus, t o  summarize, the  object ive  of t h i s  study was t o  attempt 
t o  make a p rac t i ca l  t o o l  of an algorithm whose f e a s i b i l i t y  had been 
proven and t o  inves t iga te  i t s  ef fect iveness  on a complex r e a l  prob- 
lem. In  the  following (Section I I ) ,  w e  describe b r i e f l y  the  deriva- 
t i o n  of t he  system equations and some use fu l  approximations t o  
these  equations. Some of the  approximations enable the  performance 
of t heo re t i ca l  analyses ; some reduce the  computational complexity 
of the  problem. 
In 'Sect ion 111 w e  describe a frequency domain s t a b i l i t y  analy- 
sis,  based on Popovls theory, of the  approximate system model 
and ind ica te  why it does not work f o r  more complex models. The 
object ive  was t o  e s t ab l i sh  the  absolute s t a b i l i t y  of the  approxi- 
mate model and t o  derive from t h i s  a ~ u r 6 . - ~ i a ~ u n o v  function t h a t  
might be used i n  the  algorithm t o  obtain a b e t t e r  estimate than 
the  quadrat ic  form provided. This i s  followed (Section IV) by the  
d e t a i l s  of two numerical algorithms t h a t  were constructed and 
t e s t ed ,  along with the  experimental r e s u l t s  obtained f o r  the  com- 
p l e t e  model and one approximate model and some two dimensional 
t e s t  problems. 
Section V-details the difficulties encountered in the study 
and the shortcomings of our approach, along with the outlines of 
some problems whose solutions might contribute to improving the 
state of the art in estimating the domain of attraction sf physi- 
cal nonlinear systems. The summary (Section VI) places in capsule 
form the salient features of the study. Details of. the computer 
programs used in the study are found in the appendices. 
The bas ic  block diagram of the  system i s  given i n  Fig. I. 
Compensation Motors and 
Momen tum 
Trackers 
Fig. 1 Block Diagram of Basic Model 
The re la t ionsh ip  of the  i n e r t i a l  reference coordinates 
( x ~ ~ Y ~ , z ~ )  and body coordinates (xb,ybS z ) i s  given by a set of 
r o t a t i o n  transformations Rb,Re,ROs 
where the Euler angles 4 ,  a re ,  respectively, the  r o l l ,  pi tch,  
and yaw angles with respect t o  the reference coordinates, and 
RB,RB,RJ, a r e  given by 
and 
For each Star  Tracker, the re la t ionship between the Tracker 
and Tracker reference coordinates i s  given by the ro ta t ion  trans- 
formations Ra,Rp,Ry, vFz . , 
where y,f3 a re  the  outer and inner gimbal angles, and the angle a 
i s  the ro ta t ion  about the Tracker op t i ca l  ax is .  In Ref. 3, two 
equations for  each Star  Tracker a r e  derived by re l a t ing  the ac tua l  
and commanded values of f3 and y with the corresponding e r ro r  
differences Af3 and Ay. The equations a r e  given below: 
The equations fo r  the "pa r t i a l  processor" used in'  our model 
fo r  Trackers 1 and 2 a r e  
Each of these signals gasses through a lead-lag compensation net-  
work, thereby producing the s e t  of typical  equations: 
with a similar  s e t  of equations f o r  8 and . Here V' denotes 
the output voltage of the compensation network. 
The motor saturat ion i s  represented a s  
v" = f (v') , 
where 
( 26 , V'  > 26 vo l t s  
f (v ' )  = \-;: ,v '  1 - < 26 vol t s  
V' < -26 vol t s  . 
Incorporating the dynamic equations for  the  motors, momentum wheels, 
and vehicle i n  s t a t e  variable form, and neglecting gyroscopic 
torques due t o  the momentum wheels, the s t a t e  equations fo r  the 
momentum wheels and vehicle reduce t o  
where p,q ,r  a r e  the  ro ta t iona l  r a t e s  about the body axes xb,yb,zb 
and v6,v6,vyj a r e  the wheel momentum variables.  The equations fo r  
the  Euler angles 0 ,  a r e  
The equations presented thus f a r  a r e  summarized i n  the block dia- 
gram of Fig. 2. 
For the numerical portion of our s t a b i l i t y  analysis,  w e  require  
the system s t a t e  equations t o  take the form 

where x i s  the s t a t e  vector of appropriate dimension, A i s  the 
matrix of the l inear  par t ,  and f (x) i s  the col lect ion of non- 
l inear  t e r m s  t ha t  have no l inear  par t ,  i.e. 
F i r s t  we define a s e t  .of variables whose value a t  equilibrium 
(X = 0) w i l l  be zero, viz.,  

w 
s@ -,,,I - & v/ $ ' = . . -  
Ice e Ice q 
-1 
~p~ = s in  (c@cesPlc + s+cecylc~Blc + ~ @ ~ Y ~ ~ c B ~ ~ )  - Blc 
AT1 = tan -1 (-(s?S@ + c@s@c@) sBlC + (~980 - s ~ s ~ ~ ~ ) ~ y ~ ~ ~ ~ ~ ~  
-1 A P 2  = s i n  ( C ~ C ~ S B ~ ~  - - s @ s Y ~ ~ c B ~ ~ )  - Bat 
Ay2 = t a n  -1 I, 
D2 
((sqsQ + cqsecQ) s B 2 c  + (cqso - ~ q ~ s ~ a ) ~ y ~ ~ ~ p ~ ~  
The d e t a i l s  of put t ing these  equations i n t o  the  required form, 
Eq. ( l l ) ,  a r e  given i n  Ref. 5, and the  general  form of t he  r e s u l t  
i s  i l l u s t r a t e d  i n  Fig. 3 .  The A a r e  complicated functions of i j 
the  commanded gimbal angles and the  i n i t i a l  t o t a l  momenta, and these  
too a r e  tabula ted i n  Ref. 5. Their l inear iza t ions  about Qe = ee= qe= 0 
a r e  given i n  Ref. 3 .  
I f  the  e f f e c t s  of nonzero equilibrium a re  assumed t o  be neg l ig i -  
b ly  small, then the  equations of Fig. 3 become those of Fig .  4, where 
the  var iab les  v' ,a' have been rescaled t o  be dimensionless, i . e . ,  
1 V' = - L V' , e t c .  , a// = - 8 K K  8 aC 8 ' e t c .  
m c 
0 0 0 Note t h a t  nonzero i n i t i a l  momenta, I h Q , I h g , I h  
1C/' 
have the e f f e c t  of d i s -  
placing the  l i nea r  regions of the corresponding sa tu ra t i on  terms f o r  
f 2 ,  f 5 9  and f 7 .  
In the  models used f o r  our study, the  assumption of zero 
angular o f f s e t  a t  equilibrium was made i n  determining the 


l inear ized  pa r t  of the matrix d i f f e r e n t i a l  equations. To be 
exact ,  however, the  s t a t e  equations should be l inear ized  about 
t he  t r u e  equilibrium values of the r o l l ,  p i tch ,  and yaw angles.  
A computer program was wr i t t en  fo r  the IBM 360175 t o  com- 
pare eigenvalues of the  matrices of the  l i n e a r  pa r t  which were 
derived by assuming both zero and nonzero o f f se t ,  f o r  various 
values of commanded gimbal angles and i n i t i a l  momenta. Results  
have shown tha t  f o r  a range of commanded gimbal angles and 
i n i t i a l  t o t a l  momenta wel l  beyond those expected, t h a t  the  
d i f ferences  i n  both r e a l  and imaginary pa r t s  of the  ca lcula ted 
eigenvalues occur i n  the  four th  s ign i f i can t  f igure  f o r  th e 
a c t u a l  OAO system (Ref. 6) and i n  the  f i f t h  f i gu re  f o r  the  
"paired-Tracker" sys tem. 
An analys is  of t h e  s impl i f ied  system where t he  only non- 
l i n e a r i t i e s  considered a r e  those of motor s a tu ra t i on  has been 
c a r r i e d  out l i t e r a l l y  because the  numerical computation was 
too sens i t i ve .  The s impl i f ied  system.is  represented a s  
where G i s  a 9 x 3 matrix, f(v) i s  a th ree  vector  of sa tu-  
r a t i o n  functions obtained from f (x )  by de le t ing  a l l  nonlinear  
terms except sa tu ra t ion ,  and v i s  a th ree  dimensional vector .  
These terms a re :  

I f  w e  define T t o  be a matrix whose columns a r e  the  eigenvectors 
of A, and r e l a t e  y t o  x by 
w e  obtain 
It. can be shown t h a t  
where T can be w r i t t e n  as 
w i t h  
- 2 r 2 t e l c c ?  lc 2T2ZmKmKctElcC'"lc 0 2 ~ ~ t 8 ~ ~ s v ~ ~  - 2T~'mKmKctplcs'"lc I I 
K K T s v l c  
0 0 0 m c m  
-srlc I 0 
1 --  'mKcTm 0 KmKcTms' lc I -trlc 0 
I C ? l C  
0 0 0 0 2'2~:~m'CtelC''"lC 
I(r2 - Tm) 
0 - 'mKcTm 0 0 0 0 I 
0 0 0 0 - KmKcTm 
. I 0 
2KmKc~$elcf Y ~ ~ T ~  ~ T ~ T ~ K ~ K ~ ~ E ~ ~ ~ Y ~ ~  
- 2 ~ ~ t P ~ ~ c ~ ~ ~  1(T2 - Zm) 0 2 r 2 t e l c s v l c  - 
I(r2 - T ~ )  0 
1 'mKmKcT2 1 0 0 0 
0 0 0 1 -- T2Tm%Kc 
1 ( T 2  - Tm) 1 
. I f  we now proceed t o  "tear" t h e  system by defining 
where supersc r ip t  T denotes transpose and consider v t o  be 
j u s t  t h e  l i n e a r  pa r t  of the  argument i n  f (v ) ,  it can be 
shown t h a t  the  system equations w i l l  reduce t o  t h e  form 
where 
Elimination of Compensator Lag Dynamics 
The transfer function of the lead-lag compensation network is 
described by 
where 
K = 2.685 x lo5  volt/rad 
C 
Therefore, 
Considering the  f a c t  t h a t  the  r o t a t i o n a l  r a t e s  of the  vehic le  
a r e  much slower than 2 radlsec ,  le t  us ignore fo r  t h i s  treatment 
the  e f f e c t  of l ag  dynamics i n  Gc(p).  With t h i s  simplifying assump- 
t ion ,  the  r e s u l t i n g  equations become 
wi th  a corresponding d i f f e r e n t i a l  equation f o r  each channel, 
Proceeding t o  solve f o r  e , ~  w e  obtain: 
E = Ayl @ 
By defining the  following var iab les  as :  
the resu l t ing  s t a t e  equations become: 
Rescaling a s  before, we obtain 
0 '  = Q - g e  , e tc .  
w i t h  Eq .  (29) becoming: 
1 1 f ( K ~ ( E +  + 4.5 ;,I\ - I 0 
= - - V; + Q, 
'm 
1 7 K K- h, 
m m c  
Separating the l inear  and nonlinear terms i n  Eq. (30), p u v i n g  
them i n t o  the required form Eq. (11) , and assuming tha t  and 
e* 
Ag2 a r e  negligible,  it can be shown t h a t  t h e  s ix  dimensional s t a t e  
equations take the form show i n  Fig .  5. I f  we wish  t o  consider the 
s i x  dimensional model, and include only the nonlineari ty due t o  the 
motor saturation function, the form of Fig. 5 reduces t o  tha t  of 
Fig. 6. 
Comparison - of Models v ia  Simulation 
Four models of the Ames system were simulated, namely: the  
basic nine dimensional nonlinear model, the basic model w i t h  a 
hard saturat ion of the e r ror  signals (E,, ee ,  E ~ ) ,  the model 
w i t h  motor saturat ion as  the only nonlineari ty,  and the s i x  d i -  
mensional version (lead-lag replaced by pure lead) of the basic 
model. The purpose of these simulations i s  two-fold: 1) t o  gain 


i n s igh t  i n t o  the  e f f e c t  on pesfsrmance of parameter (gimbal com- 
mand, t o t a l  momentum) var ia t ion ,  and 2) t o  compare the  var ious  
models i n  order t o  evaluate the  use of a simpler model f o r  the  
d e t e r m i n a t i ~ n  of the es%imate of the  domain of a t t r a c t i o n ,  
The system var iables  p lo t ted  a r e  the  r o l l ,  p i t ch ,  and yaw, 
eu le r  angles and the  wheel momenta. For the  models presented 
with no gyro and i n e r t i a  coupling, t h e  wheel momenta a r e  i d e n t i -  
c a l  t o  the  vehic le  body r a t e s  within a constant s ca l e  f a c t o r  and 
b i a s .  One s e t  of i n i t i a l  condit ions (of the  s t a t e )  was used f o r  
a l l  the  runs. Variat ions were made on the commanded gimbal angles 
and the  t o t a l  system momentum. Figure 7 presents  a run plan and 
a l i s t  of symbols t h a t  represent  t he  four models. The c r i t e r i a  
f o r  comparison a r e  s e t t l i n g  time, number of overshoots, peak over- 
shoot, and a general  s i m i l a r i t y  of wave shape. 
Some spec i f i c  comparisons of t h e  models a re :  
1 )  AN and MV a r e  always very s imi la r  and MV always d i s -  
plays l e s s  coupling than AN (Figs. 8 through 12).  
2) The pi tch  and yaw response a r e  near ly  i d e n t i c a l  t o  
each other  fo r  AN, ANL and MV. The yaw response 
always has a longer s e t t l i n g  time and more over- 
shoots than pi tch  f o r  6D. This shows one r ad i ca l  
d i f ference  between 6 D  and AN. The reason i s  un- 
explained t o  date ,  but  i t  i s  unl ikely  t o  be a 
simulation flaw (Figs. 8 through 12).  
3 )  ANL and AN a r e  s imi l a r ,  but  ANL displays l e s s  
damping (Fig. 8) , 
4 )  ANL and 6 D  a r e  ef fected more strongly by nonzero 
system mo~lentum and = 30'. FigurelO shows ANL le 
B 








a Y i b 4 d  tn 
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a a o  d k m  
and 6~ undergoing r o l l  motor vol tage  r e v e r s a l  
s i g n i f i c a n t l y  sooner than AN and W .  The p i t c h -  
yaw coupling i n t o  r o l l  seems g r e a t e r  f o r  the  ANL 
and 6 B  p a i r  under t h e  above condi t ion .  
Thus i t  can be s a i d  t h a t  a l l  four  models have varying degrees of 
s i m i l a r i t y  with some r a d i c a l  d i f f e r e n c e s  appearing f o r  t h e  more 
severe  i n i t i a l  cond i t ions .  
In  a d d i t i o n  t o  t h e  runs descr ibed above two o the r  s i t u a t i o n s  
were simulated and they a r e  discussed separa te ly  because they pro- 
duced uns tab le  motions. The models used were AN2 6D, and MV 
with i n i t i a l  condi t ions  0(0) = e(0) = +(0) = 1 5 O ,  vg (0) = vg(0)  = 
vq(0) = 1, 2 f t - l b f - s e c ,  ~ ~ ( 0 )  = ~ ~ ( 0 )  = ~ ~ ( 0 )  = 100 v o l t s .  The 
'\ 
system parameters were y = 10.7O, yZc = 5 0 ( s i n ( ~ ~ ~  - y2c) = 0.1,, 
PIC = 3 0 0 2  = 3'0°, Ih@ Ic 0 B2c O = Ihg = l h O  = 1 f t - l b f - s e c .  Note t h a t  + 
t hese  parameter va lues  d i f f e r  from those used previous ly ,  v i z . ,  
P lc  = 0, 30" and @2c = - 30°, and they do n o t  s a t i s f y  t h e  s t a -  
b i l i t y  c r i t e r i o n  given i n  Ref. 2, i . e . ,  1 Ylc - Y2= l 2 lo0 e 
Figure 13 p resen t s  t h e  p l o t t e d  r e s u l t s  f o r  t h e  case  
~ ~ ( 0 )  = vg(0)  = 
vq(0) = 2 f t - l b f - s e c ,  the  o the r  case  ( i n i t i a l  wheel momentum a t  
h a l f  wheel capac i ty )  y i e l d s  s i m i l a r  r e s u l t s .  A s  t h e  f i g u r e s  show, 
uns tab le  motions r e s u l t  when t h e  AN and 6D models a r e  used, bu t  
no t  when t h e  MV model i s  used. Ca lcu la t ion  of t h e  e r r o r  s i g n a l s  
E @ '  E g 3  and E +  a t  t h e  i n i t i a l  poin t  shows t h a t  E @  and E + 
have t h e  wrong s ign  i n  AN and QD, bu t  they have t h e  c o r r e c t  s i g n  
i n  MV. Thus, it i s  seen t h a t  although the  motor s a t u r a t i o n  i s  
t h e  dominant n o n l i n e a r i t y  f o r  magnitude c o n s i d e r a t i ~ n s  (+ 20 a r c  
- 
sets of a t t i t u d e  e r r o r ) ,  t h e  t ranscendenta l  n o n l i n e a r i t i e s  of t h e  
Tracker-er ror  processor combination have an important bearing on 
the  system s t a b i l i t y ;  i . e . ,  t h e  use of the  l i n e a r i z e d  e r r o r  s i g n a l  
can produce erroneous s t a b i l i t y  conclusions.  This emphasizes 
t he  need f o r  t he  nonl inear  ana ly s i s  which was c a r r i e d  out  i n  
t h i s  study. 
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111. STABILITY ANALYSES OF A SIWLIFPED MODEL 
- 
The s t a b i l i t y  a n a l y s i s  of s impl i f i ed  models (motor s a t u r a t i o n  
only) of the  "pa i r ed -~ racke r "  c o n t r o l  system serves  two purposes 
i n  t h i s  s tudy.  F i r s t ,  i f  t h e  s impl i f i ed  model can be proven t o  be 
g loba l l y  asymptot ica l ly  s t a b l e ,  then t h e  domain of a t t r a c t i o n  i s  
the  whole space and, the  algori thm could be t e s t e d  on t h i s  model 
t o  determine i t s  e f fec t iveness  by comparing t he  es t imate  t o  t h e  
known domain. The algori thm could then be t e s t e d  with t h e  more 
exact  model t o  determine the  e f f e c t s  of t h e  o the r  n o n l i n e a r i t i e s .  
Secondly, i f  the  s impl i f i ed  model i s  g loba l l y  asymptot ica l ly  s t a b l e ,  
t he  ex i s t ence  of a ~ u r & - ~ i a p u n o v  funct ion  (quadra t ic  form p lus  
i n t e g r a l  of the  nonlinear  terms) i s  guaranteed, and t h i s  could be 
used i n  t h e  a lgori thm v i t h  t he  more exact  model t o  see i f  i t  pro- 
duces a  b e t t e r  es t imate  of the  domain of a t t r a c t i o n  than t h e  optimum 
quadra t i c  form. It i s  f o r  these  reasons t h a t  we c a r r y  out  t h e  s t a -  
b i l i t y  ana ly s i s  of t he  s impl i f i ed  model. 
I n  Sect ion 11, the  models of the "paired-Tracker' ' coarse  
poin t ing  mode system were derived f o r  the  case  i n  which a l l  non- 
l i n e a r i t i e s  except the  momentum wheel motor s a t u r a t i o n  a r e  l i n e a r -  
i zed .  This  r e su l t ed  i n  t he  system of -equations 
By applying the  Laplace transform Eqs. (21) can be w r i t t e n  a s  
where z ( s )  ik t he  Laplace transform of z ( t ) ,  e t c . ,  and thus,  
b l r  
By de f in ing  t h e  t r a n s f e r  funct ion  from f (v )  t o  (-v) a s  W(s), 
* 
vLz. , 
w e  obtain t h e  block diagram of F ig .  14. 
F ig .  14 Simplif ied System Model f o r  
Popov A ~ a l y s i s  
A somewhat ted ious  c a l c u l a t i o n  r e s u l t s  i n  t h e  exact  form of  W ( s ) ,  
"ZI 
v i z  . , 
where 
(TI + T ~ ) S  + 1 
w(s) = + - 
CL S(T s + ~ ) ( T ~ s  + 1)  Tn 
and 
Thus, i n  t h e  case  tglc = 0, i t  i s  c l e a r  t h a t  t h e  problem reduces 
t o  t h r e e  s i n g l e  channel problems of t h e  Popov type.  I n  any event ,  
t h e  p i t c h  and yaw channels a r e  always completely decoupled i n  t h i s  
model and can always be t r e a t e d  a s  sepa ra te  Popov problems. Un- 
f o r t u n a t e l y ,  i n  each case  t h e r e  i s  a pole  a t  t h e  o r i g i n  and this 
r e q u i r e s  using a  s p e c i a l  form of t h e  Popov theorem (Ref. I ) .  
TNElrlREM (Popov) 
---- 
For t h e  p a r t i c u l a r  case  of a  system t o  be a b s o l u t e l y  s t ab l e  
i n  the  s e c t o r  [ E , K ]  (where E > 0  i s  an a r b i t r a r i l y  small number), 
i t  i s  s u f f i c i e n t  t h a t  t h e r e  e x i s t  a f i n i t e  r e a l  number q such t h a t  
f o r  a l l  w > 0  
- 
and t h a t  t h e  condi t ions  f o r  s t a b i l i t y  i n  t h e  l i m i t  ( i . e . ,  if there 
i s  a  s i n g l e  pole  a t  t h e  o r i g i n  then  l i m  I m  ~ ( i m )  = - W )  are 
c'u -+. 0  + 
s a t i s f i e d .  
2 2 Note t h a t  t h e  s ec to r  [ E , K ]  means t h a t  EV s vf (v )  < KV , 
v 0 ,  which does not hold f o r  s a t u r a t i o n  funct ions  when 
Iv l  - W. a l e  could argue t h a t  s i nce  i n  r e a l i t y  the  non l i nea r i t y  
i s  only known f o r  f i n i t e  l i m i t s  on v, i t  could be continued i n  
an arbitrary fashion beyond the  l i m i t s  wi th in  which it i s  known 
and t h u s  f i t  i n t o  the  s e c t o r  [ E , K ]  r Although i t  would seem t h a t  
the ana ly s i s  i s  upse t  by j u s t  a f i n e  mathematical po in t ,  the  argu- 
ment above i s  s t i l l  not  phys ica l ly  s a t i s f y i n g ,  I n  any event ,  l e t  
u s  conk;inue t o  prove t h a t  W(s) a s  given i n  Eqs .  ( 3 4  and 351, 
4r 
s a t i s f i e s  the  theorem. 
L e t  u s  assume t B l c  = 8, then we have th ree  separa te  problems, 
two of which a r e  i d e n t i c a l .  I n  p a r t i c u l a r ,  i f  we de f ine  
w e  can solve  a l l  t h r ee  problems simultaneously by recognizing t h a t  
- ', -1 
setting d12 - ( - ~ ~ ~ 1 , ;  r e s u l t s  i n  the  p i t ch  and yaw chan- 
nels  being i d e n t i c a l  t o  t he  r o l l  channel. Note t h a t  f o r  the  system 
t rea ted  here  K = 1. 
L e t  u s  f i r s t  examine the  s t a b i l i t y  i n  t h e  l i m i t  requirement,  
viz, , 
* K K rn c 1-im %m W (h) = l i m  ---- 1 4- + I d12s(7'lc - y  ) - =  - 2 0  , 
cu- 63 ila-+o 2c i w  (38)  
Since K,.3 Kc 9 and I a r e  a l l  p o s i t i v e ,  we have s t a b i l i t y  i n  
t h e  l i m i t  i f  d12s(ylc - yZc) > 0 ,  which i s  a  design requ i re -  
ment, i n  f a c t  d12 = 2.0 sgn (ylc - yZc) .  
Now l e t  u s  examine E q .  ( 3 6 1 ,  i , e . ,  
which can be r e w r i t t e n  a s  
R e c a l l  t h a t  a  r a t i o  of two polynomials whose r o o t s  a r e  negat ive ,  
r e a l ,  and i n t e r l a c e ,  and whose numerator degree i s  one l e s s  than 
t h e  denominator degree,  i s  a pos i%ive  r e a l  funct ion .  Thus, i f  we 
choose (4 > Tm, s i n c e  T 2  < (a1 4- < Trn, t h e  r e a l  p a r t  of the  
t r a n s f e r  funct ion  i n  brackets  w i l l  be p o s i t i v e  f o r  a l l  , and 
t h e  system w i l l  be abso lu te ly  s t a b l e  f o r  a l l  K > 0. 
We have proven t h a r  each channel of t h e  "paired-Tracker" sys-  
tem i s  abso lu te ly  s t a b l e  f o r  a l l .  R > 0 and a l l  f ( v )  i f  
2  2 d12s(yLc - y2c) > 0 and E V  < - vf (v) .< - Kv . Unfortunately,  t h i s  
does n o t  admit t h e  s a t u r a t i o n  func t ion .  Note t h a t  
f ( v )  = s a t  
Thus t h e  [ E , K ]  s ec to r  requirement i s  s a t i s f i e d  f o r  f i n i t e  v  
only when lhO/?X i s  l e s s  than t h e  s a t u r a t i o n  l e v e l ,  or  t h e  
m 
i n i t i a l  momentum I h O  i n  t h a t  channel  i s  l e s s  than the  wheel 
capac i ty .  We have a l s o  proven t h a t  the  e n t i r e  system i s  abso- 
l u t e l y  s t a b l e  under the  same condi t ions  i f  t B l c  = 0 s ince  the 
t h r e e  loops are uncoupled. 
Attempts were made t o  prove the  absolu te  s t a b i l i t y  of the  
coupled system v i a  t he  methods of Moore and Anderson (Ref. 8), 
Sandberg ( R e f .  9) and t he  very inc lus ive  r e s u l t s  of Yakubovieh 
(Ref. II)). I n  a l l  cases  the  pole a t  the  o r i g in  caused t he  r e -  
qui red  condi t ions  t o  be v io l a t ed .  The reason f o r  the  d i f f i c u l t y  
becomes apparent i n  the  uncoupled case .  In  order  t o  have abso- 
l u t e  s t a b i l i t y  i n  t he  s e c t o r  [O,K], it i s  necessary t h a t  the  
system be asymptot ica l ly  s t a b l e  f o r  a l l  f (v )  = clv, where 
0 5 c l  < K; however, because of t he  pole a t  t he  o r i g in ,  t he  
system i s  f o r  c l  = 0. 
The conclusions of t h i s  ana ly s i s  a r e  t h a t :  1) f o r  the  un- 
coupled s impl i f i ed  system ( t @ l c  = 0) t he  ana ly s i s  implies  t h a t  
t h e  system model with s a t u r a t i o n  only i s  asymptot ica l ly  s t a b l e  
f o r  a l l  f i n i t e  va lues  of t he  i n i t i a l  condi t ions ,  when t he  i n i t i a l  
t o t a l  veh ic le  momentum i s  l e s s  than the  wheel capac i ty ;  2)  f o r  
the  coupled s impl i f i ed  system, t he  theory i s  no t  s u f f i c i e n t l y  de- 
veloped t o  t r e a t  t h i s  system success fu l ly .  A s  a r e s u l t ,  our p lan  
t o  use the  s imp l i f i ed  system a s  a t e s t  of the  a lgor i thm's  e f fec -  
t i venes s  and t o  use the  r e s u l t i n g  ~ u r & - ~ i a p u n o v  funct ion  t o  ob ta in  
improved es t imates  of t h e  domain of a t t r a c t i o n  a r e  n o t  f u l f i l l e d  
because of the  pole a t  t he  o r i g i n  i n  the  t r a n s f e r  funct ion  and 
t h e  present  s t a t e  of ana ly s i s  techniques f o r  systems w i t h  mul t i -  
p l e  n o n l i n e a r i t i e s  . 
Theory 
A review of t h e  theory of how and why a Q-matrix i s  chosen 
s o  t h a t  i t  r e s u l t s  i n  a volume es t ima te  of the  domain of a t t r a c -  
t i o n  i s  presented i n  t h i s  s e c t i o n .  
Given t h e  s e t  of d i f f e r e n t i a l  equat ions p a r t i t i o n e d  t o  be 
of t h e  form 
where A i s  a s t a b l e  matr ix  and f ( x )  con ta ins  terms of 0(x2) 
and higher ,  we de f ine  a  Liapunov func t ion  
such t h a t  t h e  ma t r ix  P i s  a p o s i t i v e  d e f i n i t e  mat r ix  wbich i s  
insured  by so lv ing  the  Liapunov equat ion 
T A P + P A = - Q  ( 4 3 )  
given a p o s i t i v e  d e f i n i t e  q-matrix.  In genera l ,  i f  Q i s  of order  
n ,  then t h e r e  a r e  n(n  + l ) / 2  independent v a r i a b l e s  t h a t  desc r ibe  
Q  and a r e  bounded a s  follows ( see  R e f .  11): 
The A ' s  a r e  t h e  eigenvalues of Q ,  while t h e  6"s and m's 
a r e  r o t a t i o n  components of the  9-matrix and e s s e n t i a l l y  o r i e n t  t h e  
Q-matrix i n  the  n(n + 1912 space from which i t  i s  generated. 
Thus ,  n(n ?- 1) /2  a r b i t r a r y  var iab les  a r e  chosen within pre- 
scr ibed l i m i t s  and by proper manipulation by QGEN subrotltine 
of the  search program, there  r e s u l t s  a  pos i t i ve  d e f i n i t e  matr ix 
designated Q. 
The Liapunov equation i s  then solved fo r  the  P-matrix, 
which i s  now assuredly pos i t i ve  d e f i n i t e .  The search of the  
n-dimensional s t a t e  space i s  then begun i n  a  random fashion 
t 
u n t i l  a  maximum V and a V c lose  t o  zero i s  achieved, where 
A point  a t  which ir i s  approximately zero i s  achieved by a de- 
t e r n i n i s t i c  sect ioning of a  l i n e  t h a t  i s  s t ruck  from t h e  o r ig in  
t o  the point where V > 0 and > 0. The l i n e  i s  then searched 
by consecutively halving it, t o  most c lose ly  approximate the  point  
where changes sign,  i . e . ,  the  $ = 0 cons t r a in t  curve - thus 
the  approximation 05 V = 0. 
The r e s u l t  of the search i s  a Liapunov funct ion V from 
which the  volume est imate of the  domain of a t t r a c t i o n  can be com- 
puted d i r e c t l y  a s  proport ional  t o  
The general  idea of the  method i s  t o  maximize the  volume est imate 
to obtain the  l a rges t  est imate of the  domain of a t t r a c t i o n  tha t  
can then be t r ans l a t ed  i n t o  physical  cons t r a in t s  on each of the 
ska te  var iab les .  
-i- 4.1 ind ica tes  d i f f e r e n t i a t i o n  w i t h  respect  t o  time. 
~ x ~ e r i m e n t a l  R e s u l k s  - Nine Dimen 
t h e  case  presented he 
angular  v a r i a b l e s  w 
technique must be dev 
n,  while  the  second 
e  searched op 
was forthcoming, and t h e  Liapunov equat ion could be solved f o r  a  
T p o s i t i v e  d e f i n i t e  P.  Thus t h e  Liapunov funct ion  V = x Px could 
be evaluated and a  search of the  s t a t e  space could begin.  The 
2 2 
s o l u t i o n  of t h e  Liapunov equat ion e n t a i l e d  an n x n i n v e r s i o n ,  
which f o r  t h i s  case was 81  x 81. Double p rec i s ion  was deemed 
necessary a f t e r  a check of t h e  r e su l t i ng  s ing l e  precis ion B - w t r i x  
showed i t  t o  be i n  e r r o r  when subs t i tu ted  back i n t o  the Liapunov 
equation. The search of the  nine space was i n i t i a l l y  begun by a 
s t r a i g h t  gradient  technique (MIN-ALL), which was touted t o  be an 
oglnipotent t o o l  i n  the  analyses of a  multidimensiofial (up t o  one- 
hundred independent var iab les )  space f o r  the  minimum of a  given 
function in t h a t  space. Much time was spent i n  a r r iv ing  a t  an 
ana ly t i c  gradient  needed t o  f a c i l i t a t e  operat ion of the  program. 
Debugging of t h i s  ana ly t ic  gradient  was tedious and a numerical 
gradient  was employed a s  a  check. 
I n  the  numerical gradient ,  s t ep  s i ze  was c r i t i c a l  i n  t h a t  a  
s ing l e  f ixed s t ep  s i z e  was not  applicable i n  a l l  coordinate d i r ec -  
t i o n s ;  zero gradients  i n  c e r t a i n  d i rec t ions  were obtained while very 
la rge  gradients  were obtained i n  other  d i rec t ions .  An adaptive s t e p  
s i z e  was t r i e d ,  but the  function was too var ied  i n  each d i r ec t ion ,  and 
we subsequently resor ted  t o  t h e  ana ly t ic  gradient  a f t e r  assurance of 
i t s  accuracy by d i f f e r e n t  persons checking t h e  ca lcu la t ions .  
The next s t ep  was minimization of V w i t h  = 0, along 
w i t h  the  exclusion of the  o r ig in .  Because t h e  problem had a eon- 
s t r a ined  minimum, the  penalty functiod approach was chosen so  t h a t  
a cons t ra in t  v io l a t i on  becomes penalized by v i r t u e  of the magni- 
tude of the  gain associa ted w i t h  the  cons t r a in t ;  i n  t h i s  case ,  
V = O i s  the  cons t ra in t .  The function chosen t o  be minimized was 
1 = min [ (v(x) j2 .  + K:(c(x))~] , 
d o  
where x = 0 must be avoided because i t  i s  a t r i v i a l  so lu t ion  t o  
the  problem. T h i s  was overcome by f i r s t  minimizing an unconstrained 
problem 
2 
which d r i v e s  t (x )  - 0 and V(x) -+ r. Adjustment of the  ga in  K1 
during d i f f e r e n t  phases of the  search was of i n t e r e s t .  Since 
V(x) - r i s  the  most important a spec t  i n  t he  d-minimization, 
K: 0.001 was found t o  be  s a t i s f a c t o r y ,  whereas i n  the  second 
phase (i .e . ,  1-minimization) $(x) 2 0 was t o  be maintained, 
and hence 2 K1 = 1000 was found t o  be s a t i s f a c t o r y  t o  penal ize  
t h e  system from s t r ay ing  from t h i s  c o n s t r a i n t .  The choice of r 
was i n i t i a l l y  0.1,  bu t  t h i s  was u l t ima t e ly  reduced t o  r = 10 -5 
based on evidence produced by many runs.  
The g rad ien t  method procedure was evaluated a t  t h i s  po in t .  
A g r e a t  d e a l  of time was requi red  by t h e  procedure f o r  a search;  
h i s  was due t o  the gradient  computation a t  every po in t  along the  
t r a j e c t o r y ,  and the  l o c a l  minimum problem which t h i s  method could 
no t  overcome. This ,  coupled with t he  f a c t  t h a t  i n  t h e  45-space 
(n (n+  1)/2)  search a g rad ien t  wmld be absurd, a t  l e a s t  from an 
a n a l y t i c a l  poin t  of view, and open t o  ques t ion  concerning i t s  
v a l i d i t y  i n  any numerical computation, d i c t a t e d  t h a t  another  search 
method be found. 
A randam search was decided upon a s  a means of more e f f e c t i v e l y  
covering t he  nine-space w i t h  a b e t t e r  p robab i l i t y  of avoiding t he  
l o s a l  minimum pro5lem. How many po in t s  (nine-tuples) .  t o  eva lua te  
f o r  reasonable assurance of r e s u l t s  was s t i l l  a quest ion,  only t o  be 
answered by t r i a l  and e r r o r .  Bas ica l ly ,  a poin t  (n ine- tuple)  was 
chosen a r b i t r a r i l y  (see F ig .  15 f o r  a two dimensional vers ion  of 
t h i s  technique) i n  the  x-space along w i t h  an a r b i t r a r y  Q and 
a l a rge  value of V, c a l l e d  Vo. (Vo = 1 i s  very l a r g e ;  V 
0 
voPT = Largest V for which eIW < 0 
Fig.15 Two Dimensional Representation of Search Region 
corresponds to r in the gradient search discussed previously.) 
The Liagunov equation is still solved for P;  
and 
It can be seen from the expression for V that the eigenvalues of 
P will determine the magnitude of the intercepts along the eigen- 
vector directions by 
where A a r e  t h e  eigenvalues of P and V i s  a va lue  of t h e  i 
func t ion  V(x) a t  a p a r t i c u l a r  po in t .  A po in t  i n  t h e  x-space 
i s  r e l a t e d  t o  a poin t  i n  t h e  y-space (eigenvector  space) by a 
pure r o t a t i o n  given by 
where C i s  t h e  normalized matr ix  of e igenvectors  of P ( see  
F i g .  16). Thus t h e  random po in t s  a r e  determined by s e l e c t i n g  a 
random number from a Gaussian d i s t r i b u t i o n  w i t h  zero  mean and 
s p e c i f i e d  variance a. 
[Experimental r e s u l t s  ind ica ted  t h a t  when the  random 
numbers were generated from a uniform d i s t r i b u t i o n ,  
a high percentage of t h e  r e s u l t i n g  V ' s  were l a r g e r  
than t h e  V c a l c u l a t e d  a t  t h e  y - in te rcep t  po in t .  
I n  an at tempt  t o  compensate f o r  t h i s  skewing e f f e c t ,  
t he  eigenvector  coordina tes  were generated such t h a t  
t h e  d i s t r i b u t i o n  near  t h e  boundaries would be a t t enu-  
a t e d .  The Gaussian d i s t r i b u t i o n  model was t r i e d  and 
proved q u i t e  successfu l .  Each sca led  vector  compo- 
nent  i s  generated independently v i a  t h e  same Gaussian 
model ( a l l  zero mean, same var iance) .  This g ives  a 
Rayleigh type d i s t r i b u t i o n  i n  the  sca led  r a d i a l  en- 
velope, i . e . ,  
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where a i s  t h e  var iance f o r  the  Gaussian d i s t r i -  
but ion  and n i s  the  dimension of the  space. The 
t a i l  of the  r a d i a l  d i s t r i b u t i o n  can be a t t enua ted  
a s  des i red  by varying a. A f u r t h e r  modif icat ion 
was made by introducing a switching funct ion  which 
changes a a f t e r  a c e r t a i n  number of i t e r a t i o n s :  
f o r  l e s s  than LOO0 i t e r a t i o n s ,  o = 1/Q, while  
between 1000 and 5000 i t e r a t i v e  po in t s  0 = 1 / 3 . ]  
F i g .  1 6  Re la t ionsh ip  of S t a t e  Space (x) t o  i t s  Associated 
Eigenvector Space (y) i n  Two Dimensions 
Mult iplying t h e  random number by t h e  i n t e r c e p t  va lue  (yi ) y i e l d s  
INT 
a random po in t  a loag  yi ly ing  between + YiINT . Transformation t o  
the  x-space w i l l  al low a computation of V and i n  t h e  form 
expressed i n  Eqs. (48) and ( 4 9 ) ,  r e s p e c t i v e l y .  I f  t h e  Gaussian d i s -  
t r i b u t i o n  prodlaces a number ou t s ide  the  l i m i t s  k 1, t h i s  shows up 
i n  t h e  c a l c u l a t i o n  of V where t h e  c a l c u l a t e d  V i s  g r e a t e r  than  
t h e  las t  b e s t  V .  I f  V > Vmin, t h e  po in t  i s  discarded and a  new 
random po in t  i s  s e l e c t e d .  
Since t h e  problem has been formulated a s  a minimum problem by 
choice,  a maximum V i s  being sought wherein a l l  po in t s  i n t e r i o r  
ts t he  contour V = V 
max 
have $ < 0 ( s t a b l e  t r a j e c t o r i e s ) .  I f  
V .  < V ( j  = 1, 2 ,  . m where m i s  the  number of t r i a l s  
3 j -1 
and j i s  the  j th  t r i a l )  and > 0, then  a l i n e  i s  s t r u c k  
from t h a t  poin t  x t o  the  o r i g i n ,  and t h i s  l i n e  of length & i s  
halved 15 ( a r b i t r a r y  number) t imes i n  order  t o  b e s t  achieve t h e  
= 0 c ross ing .  This  p o r t i o n  of the  search i s  termed t h e  B I -  
SECTION PHASE and i s  d e t e r m i n i s t i c  ( s e e  F ig .  17) .  I f  V. > Vj -1, J 
a new random poin t  i s  s e l e c t e d ,  s i n c e  it has a l r eady  been d e t e r -  
mined t h a t ,  f o r  t h a t  P, a l l  t ra j  e c t o r i e s  have +. > 0 and a r e  
hence d ive rgen t .  I f  V.  < V 
3 j -1 and V. < 0 no new information J 
i s  gained, s i n c e  it only means t h a t  the  po in t  l ies  somewhere i n -  
t e r i o r  t o  the  V j -1 contour ,  thus  a new random po in t  i s  s e l e c t e d .  
F igure  18 shows a £103 diagram of t h e  Random Search Technique. 
The number of p o i n t s  i n  any search was s t i l l  most u n c e r t a i n .  
Experimentation showed t h a t  even i f  up t o  300,000 n ine - tup les  
were s e l e c t e d ,  the  b e s t  e s t ima te  o r  max V, occurred u s u a l l y  
be fo re  5000 po in t s  were encountered. Thus 5000 po in t s  became 
t h e  magical number as t o  how many t r i a l s  were t o  be run  during 
any one search .  
The time t o  run was s t i l l  excessive,  so  a reexamination of 
t h e  s t e p s  was undertaken. The following s t e p s  reduced t h e  running 
t ime measurably. 
1. The genera t ion  of P from Q r equ i red  an 
8 1  x 8 1  inver s ion  which was repeated  each 
tie a new Q w a s  s e l e c t e d .  This  was wholly 
unnecessary s i n c e  t h e  inver t ed  mat r ix  was only 
a funct ion  of A which was cons tan t .  The 
r e v i s i o n  was t o  perform t h e  inver s ion  once and 
s t o r e  i t .  
2 .  Comparison of V j  t o  Vj- l  was changed t o  
zompute t h e  v o l e l ( v . )  and compare i t  t o  the  
&.' 1 * , J 
b e s t  v o l  gained s ince  t h e  beginning of 


t h e  'run and n o t  j u s t  dur ing  t h a t  p a r t i c u l a r  
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x-space search .  I f  v o l  (V.) ) v o l  - l* 3 - 
then  t h e  search was abor ted  i m e d i a t e l y ,  
3 .  The search was a l s o  abor ted  f o r  Liapunov 
func t ions  V < 10 s i n c e  experience i m -  
p l i e d  t h a t  V should be on the  order  of 
magnitude of loe5  t o  loe9 .  There was an 
exponent ia l  overflow of t h e  computer when 
V "-. and I P I  2 lo3', both of which 
bad occurred. 
4. Another p r ~ b l e m  was a l l e v i a t e d  by abor t ing  
the  search i f  any of t h e  eigenvalues of B 
were negat ive .  This  i s  p o s s i b l e  due t o  nu- 
mer ica l  d i f f i c u l t i e s  when t h e  eigenvalues 
a r e  smal l .  The numerical  technique y i e l d s  
small  negat ive  eigenvalues i n  enough cases  
t o  be annoying (because yi = *I VIAi ,  t h e  
computer y i e l d s  i n c o r r e c t  r e s u l t s  due t o  
p r e c i s i o n ) .  
A l l  of t h e  d e t a i l s  mentioned above were a s s o c i a t e d  with t h e  
search of t h e  s t a t e  space (x-space).  Those d i f f i c u l t i e s  having 
been overcome, we next  turned our a t t e n t i o n  t o  f i n d  a method of 
searching  t h e  a s soc ia ted  parameter space (45 space) t,o y i e l d  a 
b e s t  Q, which i n  t u r n  w i l l  y i e l d  a minimum inverse  volume e s t i -  
mate. It could not  be done i n  t h e  sane way a s  t h e  random search 
sf t h e  s t a t e  space,  s ince  t h e  geometry of parameter space was not  
known a s  w a s  t h e  geometry of the  s t a t e  space.  Gradient techniques 
were "OUT" based on our unrewarding experience with MIN-ALL. 
Random search was deemed the  way t o  proceed. Note here t h a t  
the  parameter space i n  t h i s  problem i s  of order n (n+1) /2 ,  which 
i s  45. The 45 var iab les  a r e  A ,  i = 1, 2 . , . , 9;  6 j = 1, j '  
2, . . ., 28, and Ok,  k = 1, 2 ,  . . . , 8 .  
The f i r s t  search method was j u s t  on the lambdas (Ai3 i = 1, 
2 . 9 ,  which a r e  t h e  diagonal terms of the Q-matrix when 
the  ro t a t i on  components (ej, j = 1, 2, . . ., 28 and Ok, k = 1, 
2, . 8) a r e  zero. This method consisted of s e t t i n g  a l l  6 ' s  
and a ' s  equal t o  zero and a l l  A ' s  i n i t i a l l y  equal  t o  un i ty .  
Since the  Q-matrix can be scaled by any one of t h e  A ' s ,  Al was 
chosen a r b i t r a r i l y  t o  remain a t  un i ty  while the  o ther  A ' s  were- 
var ied  by random choice i n  t h e  following sequent ia l  manner: 
1. Select ,  sequent ia l ly ,  ten  random choices of 
A2 d i s t r i bu t ed  uniformly from zero t o  one 
hundred w i t h  A3 through hg equal t o  un i ty  
( the choice of the upper bound of one hundred 
i s  a r b i t r a r y ;  a l l  t ha t  Is necessary i s  t h a t  
2. Generate an inverse volume est imate f o r  each 
A and r e t a i n  the  minimum inverse volume e s t i -  
mate and i t s  associa ted A 2 ;  c a l l  it h 
2min * 
3. S t a r t i ng  w i t h  A1 = 1 and A2 = A , search 
2min 
ten  random A 3 ' s ,  holding a l l  A i l s  = 1, i = 4, 
5, ..*, 9. 
4 .  Search the  through Ag var iables  i n  the 
same manner a s  above, re ta in ing  the  minimum in-  
verse volume w i t h  i t s  associa ted A .  
The bes t  inverse  volume est imate using t h e  above method was 
-1 
v e l  = -148 x 10 50 f o r  Al = 1, h2 = 27.70, and A3 through 
e q a l  t o  1. T h i s  method w a s  abandoned because other  work 
indicated t h a t  the re  might be a g rea te r  s e n s i t i v i t y  of the  volume 
t o  changes i n  the  ro t a t i on  var iab les  than t o  the  hyperel l ipse  
ax i s  scal ing var iab les  ( A ,  i = 1, . . . , 9) . Furthermore, the 
search technique employed above tends t o  r e s t r i c t  the  search vol-  
ume somewhat; a minimum along one ax i s  w i l l  not  necessar i ly  lead 
t o  the minimum over the  space i n  quest ion.  
The second technique was a l s o  random, and was based on a s e t  
of A ' s s ,  8 ' s  and 4 ' s  that  were thought t o  be optimum i n  the  
\ * 
f i n a l  repor t  of l a s t  year ' s  work (Ref. 3 ) .  The optimal set was 
searched v i t h  ylc = - Y ~ c  =2.875O, Plc = 0, and PZc - - 3Q0. 
T h i s  r esu l ted  i n  our bes t  inverse volume est imate a t  t h a t  time 
of .I11 x lo4', which was nine orders of magnitude b e t t e r  than 
the  bes t  r e s u l t  of the  A search mentioned above. Holding the  
1% a t  the  values of the  optimal s e t ,  the  following 8's and 
@ ' s were chosen randomly (uniform d i s t r i b u t i o n  over [ - ~ / 2 ,  
- 
~ / 2 ] ) :  9 j = 6 ,  7 ,  13, 21,  22, 25 w i t h  822 = 828, 47 - eZl,  j' 
and Q g  = e Z 5 .  A l l  other  angular parameters were s e t  equal t o  
zero.  T h i s  choice of ro t a t i ons  r e s t r i c t s  Q and P t o  cons i s t  
of th ree  nonzero 3 x 3 blocks on the  diagonal. The bes t  inverse 
-1 48 
volume est imate i n  t h i s  case was vo l  = .841 x 10 , which i s  
approximately e igh t  orders of magnitude worse than t h a t  obtained 
w i t h  the  optimal s e t .  
h5 = hg = 0.0038, e6 = - ~ / 4 ,  821 = a7 = -1.373, and Q7 = e13 - 
@22 = QZ5 = Q2* = cp8 = 0. 
Another s e r i e s  of runs were made w i t h  the  optimal s e t  and 
random per turbat ions ,  a s  before, on the 8 and 4 var iab les ,  
but  w i t h  ylc = BlC = 30" and y = p2c = -  2c 30". The bes t  1 
value of the inverse volume est imate obtained was usl- '  = .913 x 
lo4', which again i s  not  a s  good a s  the previous s e t  of runs. 
Note t h a t  s ince  Blc $ 0, P does not  have t h e  same form as Q 
because A i s  not of the  same form. 
Some i n t e r e s t i n g  observations of the minimum inverse volume 
41 
est imate ( . I11  x 10 ) a r e  t h a t  I t s  ca lcu la t ion  contained the  
smal les t  determinant of P (I P I  = 49.76) t h a t  has been observed 
t o  date .  The determinant of P i s  usual ly  on t h e  order  of from 
10' t o  Besides t h i s ,  the  angular s t a t e  var iab les  a t  the  
end of the  search a r e  approximately 8 = 20 sec,  @ = - 12 sec,  and 
?) = 20 sec of a r c ,  which a r e  a l s o  l a rge r  than usual .  These values 
a r e  a t  the  point  where the  minimum V occurs on f7 = 0. The maxi- 
mum values obtained on the  axes of the  e l l i p s o i d a l  est imate a r e  
@ = 26.4 sec, 8 = 56.6 sec,  and $ = 56.5 sec.  The conjectured 
s e n s i t i v i t y  t o  the  ro t a t i on  var iables  i s  borne out by these  data,  
t h a t  i s :  f o r  the  case ylc - 
- -y2c = 2.875 , = 0 and pZc = = = 3 0 ° ,  
the  l e a s t  and l a rges t  inverse volume est imates d i f f e r  by 14 orders 
of magnitude; f o r  the  case - Y l c  - %c .=30° ,  and y - 2c B2, === 30°, 
the  range i s  5 orders of magnitude. The range of va r i a t i on  ob- 
served f o r  the  random search over the  eigenvalues i s  only th ree  
orders  of magnitude. 
While the random searches were continuing, a paper given by 
Barron (Ref. 12) gave some ins igh t  i n t o  what was termed an acce le r -  
a t ed  random search, a search w i t h  an order ly  way of s e l ec t ing  s t e p  
s i z e .  The technique cons i s t s  of picking a s t a r t i n g  po in t ,  hO, 
eO, and 4', f o r  which a volume est imate i s  obtained. A perfor-  
mance measure i s  defined a s :  
where lo3' i s  a r b i t r a r y  and chosen t o  keep 2 pos i t i ve  and i n  
the  v i c i n i t y  of uni ty .  Since t h i s  f i r s t  est imate i s  the  bes t  t o  
* 
date ,  s e t  2 , t h e  bes t  est imate,  equal t o  . A random s t ep ,  
cons i s ten t  w i t h  the  cons t r a in t s  on A ,  8, and @ i . . ,  A > 0,  
1 1 ,  ! @ I  <*), i s  chosen by f i r s t  defining the  variance a s  
* 
0 = log _P , 
picking a  random number x, -1 < - x < - + 1, and f i n a l l y  def in ing 
the  s t ep  s i z e  a s  
2  2 
-x l o  Au = (sgn x) a e. , 
where 
1000 f o r  hi i = 1,9 
f o r  Bi i = 1,28 
f o r  ai i = 1,8 
and 
d  = a r b i t r a r y  d iv i so r  (taken a s  4 i n i t i a l l y ) .  
Addition of t h i s  random s t ep  t o  the  previous values of A,8, 
* 
and @ r e s u l t s  i n  another value of 1. I f  _P > _B , a  s t e p  i n  
the opposite d i r ec t ion  i s  taken by s e t t i n g  Au = - Au,' the  con- 
s i s tency  with t h e  cons t ra in t s  i s  checked again, and _B i s  re -  
* 
ca lcu la ted .  I f  P i s  s t i l l  g rea t e r  than _P , a  new random s t ep  
* 
i s  chosen and added t o  t h e  point  associa ted w i t h  _P . A s  long a s  
- 
* * * 
P < , w e  s e t  3 = and the  s t ep  s i z e  i s  doubled u n t i l  P>P , 
-
then a  new random s t ep  i s  i n s t i t u t e d  from t h e  point  (A,@,@) as -  
* 
socia ted w i t h  2 . 
The acce le ra ted  random search i s  based upon t h e  concept of 
randomly choosing a search d i r e c t i o n  and a s t e p  s i z e ,  and search-  
ing  i n  t h a t  d i r e c t i o n  unt i l .  a mfnimm i s  found. A t  t h e  minimum, 
a new random d i r e c t i o n  and s t e p  s i z e  are chosen and t h e  process  
i s  repeated .  A s  t h e  search g e t s  c l o s e r  t o  t h e  minimum, the  v a r i -  
ance of t h e  random s t e p  i s  decreased t o  f a c i l i t a t e  accura te  de- 
te rminat  ion  of t h e  minimum. 
The b e s t  minimum inverse  volume es t ima te  gained during t h e  
t i a l  phases w i t h  t h e  above technique was .585 x lo3' whereas 
b e s t  previous one was .I11 x 1041. Therefore,  the  o t h e r  two 
techniques were abandoned. The l a s t  change t h a t  was incorporated 
i n t o  t h e  a lgor i thm was a "creeping aspect"  of t h e  random search 
by which t h e  random nu 's  become e i t h e r  l a r g e r  o r  smaller  a s  r e -  
qui red .  I n  p a r t i c u l a r ,  i f  d - 4 i n  t h e  expression f o r  Au, a s  
prescr ibed  above, and say I00 po in t s  a r e  looked a t  w i t h  no i m -  
provement, then  d i s  halved, thereby doubling nu. One hundred 
t r i a l s  with no improvement causes another  halving of d ,  e t c .  I f  
a n  improvement i s  obtained,  d i s  s e t  back t o  4 and the  expan- 
s i o n  begins anew. I f  a f t e r  say 500 t r i a l s  where Au i s  16 t imes 
i t s  o r i g i n a l  value and no improvement has been found, then d i s  s e t  
back t o  4 and i s  consecut ive ly  doubled t o  decrease the  s t e p  s i z e  
i n  t h e  same manner a s  t h e  s t e p  s i z e  was increased above. Thus t h e  
creeping  random search has an expanding and c o n t r a c t i n g  f a c i l i t y ,  
which h a s  proven u s e f u l  i n  determining t h e  b e s t  v o l  -1 es t ima te  
t o  d a t e .  
The f i n a l  r e s u l t s  and conclusions of t h e  n ine  dimensional 
search based on experimentation w i t h  t h e  program u t i l i z i n g  an 
IBM 3601'95 a t  t h e  I n s t i t u t e  f o r  Space Studies-NASA (ISS) and t h e  
IBM 360175 a t  Gmman a r e  summarized i n  Table 1. P r i o r  t o  running 




vol  - 1 Run # T r i a l s  Time - P* Comnents 
- -- - 
l* - 150 3 .606 x 10 33 1.1217 5000-pt. search,  quasi-diagonal 
Q (q-d-Q); job aborted - excessive 
output 
2* - 2500 62 (not  p r in ted  out)  1.1480 5000-pt. search, q-d-Q, reduced 
output run 
3* 1019 105 .599 x 1.1592 300,000-pt. search from the  bes t  
point  of run 2, q-d-Q ( a l l  puns 
from here on a r e  300,000 p t s )  
1000 14 .497 x 1.0~~ 1.1566 S ta r t ed  from the bes t  point  of 
run 3,  full-Q 
2000 16 .892 x 1.1650 Continuation of run 4 i n  random 
# gen., ful l-Q 
2473 7 2 .488 x 1.1563 q-d-Q from b e s t  po in t  i n  run 3 
( r e a l l y  a n  extension of 3) 
1022 118 ,187 x lo4' 1.3757 q-d-Q, s t a r t  from hi = 1, 
ei = @k = 0 
XI*** 1000 2 abor t  condi t ion t 
12**** 1000 3 abor t  condi t ion t 
- 1051 
To ta l  T r i z l s  14518 
- 
1.3435 S t a r t  from the b e s t  point  i n  
run 3,  q-d-Q 
1.6042 S t a r t  from the  b e s t  point i n  
run 3 ,  q-d-Q 
1.6340 Same a s  run 9 except full-Q 
1.6666 q-d-Q, s t a r t e d  from the bes t  
point  i n  run 3 
1.6666 q-d-Q, s t a r t e d  from the  b e s t  
point  i n  run 3 
* h.  = 0, y = -v2C = .05017822 rad,  Blc = 0; gzc = -"I6 1 l c  
** 
- hi = 0,  ylc - = r14,  "c = 0, bZc = -r16 
** 
hi = 0, ylc = - Y ~ ~  = 814, Blc - - BZc = r / 6  
**** 
h.  = 1/1500 (hal f  wheel speed)+,-,+, llc = - 72c = .05017822, Plc =. 0,  F2C = - r /6  
1 
**** 
h = 0.211500 (1110 wheel speed)+,+,+, ylc = - Y~~ = .0501789 file = 0,  eZc i. 
i f  the  b e s t  Liapunov function i s  < 10-12, the "01-I i s  s e t  = lo5' and P* 
t h u s  becomes - 513 
-1 
space,  and t h g r e  were v o l  e s t ima tes  a s  small  a s  -224 x 
a t  Gmman.  Because t h e  IBN 360195 a t  t h e  PSS has a co re  10 t imes 
l a r g e r  than  t h e  IBM 360/75, and i s  5 t o  8 times f a s t e r ,  a 
300,000-point random s t a t e  space search was i n s t i t u t e d  i n  l i e u  of 
t h e  5000-point search i n  order  t o  ga in  g r e a t e r  assurance t h a t  a 
v a l i d  answer had been reached. The b e s t  vole' e s t ima te  obtained 
us ing  t h e  300,000-random poin t  search was .488 x which 
+-k 
corresponds t o  phys ica l  v a r i a b l e  l i m i t s  of 1 h 1 = 2.48 min, 
lvol = 0.181 f t - l b f s e c ,  lmm l  = 1980 v o l t s ,  / 81 = 5.91 min, 
lvgl = 0.342 f t -19-sec,  lmgI  = 9 4 l v o l t s ,  17/11 = 8 . 9 8 m i n ,  
Ivql = 0.452 f t - 1 b s e c ,  lmq1 = 14-10 v o l t s .  This  r e s u l t  was ob- 
* 
t a ined  w i t h  a quasi-diagonal  Q-matrix, zero  i n i t i a l  momenta 
0 (h: = he = h0 = 01, sin(ylc - y Z c )  = 0.1, Blc = 0,  and $' 
p2c = -n/6 rad ians  (Run # 6 ,  Table 1). The inc lus ion  of a f u l l  
Q-matrix, a d d i t i o n  of i n i t i a l  momenta, t h e  inc lus ion  of f 0, 
and inc reas ing  t h e  sin(ylc - y2,) t o  values > 0 . 1  causes de- 
g rada t ion  of t h e  v o l  -1 a s  i l l u s t r a t e d  i n  Table 1. 
The r e s u l t s  i n d i c a t e  t h a t  t h e  problem i s  q u i t e  s e n s i t i v e  t o  
system parameter v a r i a t i o n  such a s  Ylc2 Y2c' Blc3 and i n i t i a l  
m.omenta. Fur the r ,  t he  b e s t  Q-matrix f o r  one s e t  of parameters 
i s  c e r t a i n l y  n o t  t h e  b e s t  f o r  a l l .  s e t s  of parameeers. The b e s t  
Q-matrix found was f o r  Blc = 0 and Q chosen a s  quasi-diagonal .  
When = 0' t h e  A-matrix becomes quasi-diagonal  thereby de- 
coupl ing t h e  system, a t  l e a s t  in t h e  l i n e a r  p a r t ,  The, non l inea r  
p a r t  i s  s t i l l  coupled through t h e  r o l l ,  p i t c h ,  and yaw channels .  
The most severe  degradat ion sf t h e  system came when i n i t i a l  momenta 
were introduced t o  even one t en th  of wheel capac i ty .  
The computer programs which perform t h e  technique i l l u s t r a t e d  
h e r e i n  a r e  found i n  Appendix I, 
* 
It should be pointed out  t h a t  t h e  angke i n t e r c e p t s  1 1 1 9 and 
1 were diminished by f a c t o r s  of approximately t h r e e  from those 
obtained w i t h  t h e  5000-point randoa search ,  
Experimental Results - Six Dimensional Problem 
The six dimensional approximation to the nine dimensional 
h e s  OAO system has been programmed for domain of attraction in- 
vestigation by using the stability analysis algorithm (Pick-a-Q). 
The Q-matrix parameter space is of dimension 21. After re- 
stricting the Q search to quasi-diagonal matrices, with a limit 
of 100,000 random points per inner loop search, the best results 
obtained for the case pic = 0' p2c = -300, Ylc = 2.8750 = -Y2c, 
s(ylc - Y ~ ~ )  = 0.1, h:, .hi, h0 9 = O are: 
Inverse volume = .562 x 10 25 
The semiaxes of the ellipsoid estimating the domain of attraction 
in nondimensional variables are: 
Note t h a t  the wide dispers ion of eigenvalues i n  the  P matrix 
gives very t h i n  e l l i p s o i d a l  project ions .  The  maximum allowable 
values (not occurring simultaneously) of the  physical  var iab les  
* 
are :  4 = .14 min, 0 = 10.4 min, J ,  = 8.30 min, v4 = .050 lb - f t - sec ,  
ve = 0.48 lb-f t -sec ,  vJ, - 0.39 lb - f t - sec  . The present  computation 
r a t e  i s  about 4000 Q matrices per hour. 
Comparison of 6 and 9 Dimensional Results  
Both programs exhibi ted bes t  r e s u l t s  f o r  the  case of the 
quasi-diagonal Q-matrix, zero initial 'momenta ( h t  = h: = h i ) ,  
sin(ylc - yZc) = .I,  Plc = 0, and 82c = - ~ / 6  radians.   he 6 
dimensional r e s u l t s  provided a b e t t e r  101 i n t e r cep t  est imate 
of 10.4 rnin than the  9 dimensional est imate of 5.91 min; how- 
ever,  the  9 dimensional program provided surpr i s ing ly  b e t t e r  
1 4 1 and 191 est imates (2.48 rnin compared t o  .14 rnin f o r  
1 O 1 , and 8.98 rnin compared t o  8.30 rnin f o r  (q1) . Perhaps 
the  f a i l u r e  of t h e  6 dimensional program t o  provide c l e a r l y  
* 
It should be noted t h a t  a 100,000-point search i n  6 dimensions 
i s  equivalent t o  a 32 mi l l ion  point  search i n  9 dimensions. 
superior estimates in spite of the smaller dimension of its 
Q parameter search and greater number of trials is due to the 
-, a fact that the effect of a ~~0,008-point search per trial in 
6 dimensions is approximately equivalent to a 32 million-point 
search in 9 dimensions; the 32 million is very conservative 
compared with the 300,000-point search actually used in the 
9 dimensional case. It is interesting to compare the P-matrix 
eigenvector projections corresponding to the above cases (see 
Fig. 19, 
As can be seen by Tables l and 2 the volume estimates seem 
to be affected proportionately f ~ r  bo%b the 6 and 9 dimensional 
cases, as the commanded gimbal angles or initial total momentum 
values are changed. 
Table 2 
SW4RY OF RUNS AT ESS FOR 6 DIMENSIONAL MODEL 
* 
- h0 = 0 ,  yI, - -ry2c - .05017822 r a d ,  BIc = 0 ,  B2c = - ~ / 6  rad 
** 
- h0 = 0 ,  YlC - = .05017822 r a d ,  = ~ / 6 ,  E2c = - ~ / 6  rad  
** 
h0 = 0, Ylc = -YzC = ~ / 4 ,  Blc = 0 ,  BZC = -O/6 rad 
**** 
hO = 1/1500 ( ?I, = - r r2c  = .05017822 r a d ,  Blc = 0, 
B2c = - ~ / 6  r a d  
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Experimental Resu l t s  for a Simple System 
I n  t h e  hope of determining whether t h e r e  i s  a fundamental 
l i m i t a t i o n  inherent  i n  es t imat ing  the  domain of a t t r a c t i o n  of a 
system conta in ing  sa turat ion and one o r  more zero  eigenvalraes, 
a two dimensional system w i t h  a s i n g l e  s a t u r a t i o n  and a zero  
eigenvalue has been formulated a s  a prototype of t h e  OA0 system. 
The random search a lgor i thm has been programed f o r  use on t h e  
GE-235. A two dimensional s t a b i l i t y  problem w a s  at tempted, with 
t h e  fol lowing system equat ions:  
Th i s  desc r ibes  a c r i t i c a l  p l a n t  w i t h  high ga in  s a t u r a t i n g  char-  
a c t e r i s t i c s .  Note t h a t  our d e f i n i t i o n  of 4 here i s  equ iva len t  
3 t o  de f in ing  a cons tant  M = 10 , and using a 4 def ined  as 
C 
where 
A change of coordinates produces : 
where 
In the format required for our analysis, the equations are: 
The system characteristics exhibited here were chosen for their 
similarity to the system equations of the OAO stability problem. 
Given a [ A , @ ]  pair, which parameterize the Q-matrix, the 
objective of the numerical experiments was to find answers to the 
following. 
1. Given a  p a r t i c u l a r  [ A , @ ]  p a i r ,  how w e l l  does t h e  
e 
es t ima te  of min V on V = O compare w i t h  t h e  t r u e  
value? The s o l u t i o n  t o  t h i s  ques t ion  can be found 
by amplifying a s p e c i f i c  s e t  of r e s u l t s .  Fo r  t h e  
case  where a,  Kl, K2 = 1, h  = .00 l ,  and 6 = - .40, 
t h e  algori thm provided V = -099 as a f i h a l  answer, 
with coordina tes  yl = .64, y2 = - 1.69 correspond- 
ing  t o  the  i n t e r s e c t i o n  of t h e  c o n s t r a i n t  9 = 0  
w i t h  t he  e l l i p s e  V = .097. Neighboring V and 
l o c i  were p l o t t e d  with t h e  r e s u l t  t h a t  t h e  $ = 0 
c o n s t r a i n t  d i d  n o t  i n t e r s e c t  any V curve be1s.d 
approximately V = .090. Thus t h e  estimaee i s  i n  
e r r o r  by l e s s  than 8 percent .  
2, How l a r g e  a  region  of s e a b i l i t y  can be p red ic ted  v i a  
t h e  algori thm by searching over the  [A,@] space? 
For t h i s  case  we know t h a t  t h e  system i s  a b s o l u t e l y  
s t a b l e  i n  the  [ E , R ]  s e c t o r .  Therefore i n  t h e  c a s e  
of a  s a t u r a t i o n  n o n l i n e a r i t y ,  the  domain of a t t r a c -  
t i o n  i s  nea r ly  t h e  whole space. I n  our numerical  
experimentation, most of the  po in t s  searched i n  t h e  
[A,@] space r e s u l t e d  i n  s t a b i l i t y  e s t ima tes  w i t h i n  
t h e  region of e s s e n t i a l  l i n e a r i t y  ( 1  yl+ y2 1 < .001) . 
There was, however, a  small  reg ion  i n  the  [A,@] 
space t h a t  gave s t a b i l i t y  es t imates  we l l  beyond t h a t  
of e s s e n t i a l  l i n e a r i t y ,  Best r e s u l t s  f o r  about l O O  
p o i n t s  searched i n  the  [ h , 8 ]  space provide us  w i t h  
[A,@] = [ .00 l ,  - .55],  volume = 2 .52 ,  Vfinal = .1739, 
i n t e r s e c t i o n  w i t h  f7 = 0 a t  (yl,y2 ) = [-1.42, 2 - 4 6 ] .  
3 .  Row s e n s i t i v e  i s  the  "vslumegg of the  e s t ima te  sf t h e  
region of stability t o  [ A , @ ]  parameter changes? 
The answer is dramatically evident in reviewing a small sample 
of results: 
-- 
= 3 x 1 0  -6 
"final 
('final = .097 
volume = 2.52 
y1 = -1.42 
= 5.5 x 10 -6 ('final 
The sensitivity to the rotation parameter 8 is very apparent. 
These r e s u l t s  seem t o  i n d i c a t e  t h a t  t he  optimal quadra t i c  
e s t ima t ion  of the  domain of a t t r a c t i o n  i s  a  v i a b l e  approach f o r  
t h e  case  of a  c r i t i c a l  p l a n t  w i t h  high g a i n  s a t u r a t i n g  charac-  
t e r i s t i c s .  
Computer runs were made t h a t  used t h e  technique of genera t ing  
a p o s i t i v e  d e f i n i t e  P-matrix d i r e c t l y ,  without  genera t ing  Q and 
then  so lv ing  the  Eiapunov equat ion 
f o r  P.  This  work o r i g i n a t e d  w i t h  t h e  motive of speeding t h e  
r o u t i n e  s o  t h a t  a  g r e a t  many matr ices  could be examined w i t h  a  
minimum of machine time. The abor t  f e a t u r e  descr ibed previous ly  
was e s s e n t i a l  t o  t h i s  p lan ,  because t h e  f a c t  t h a t  P i s  p o s i t i v e  
d e f i n i t e  does n o t  ensure the  d e f i n i t e n e s s  of Q. Use of t h e  
a b o r t  procedure without d i r e c t  genera t ion  of P had reduced t h e  
time requ i red  t o  i n v e s t i g a t e  a  mat r ix  from 50 seconds t o  an 
average of about 10 seconds (2  seconds t o  search n ine  dimen- 
s i o n a l  space and 8 seconds t o  genera te  Q and so lve  t h e  Liapunov 
equat ion  f o r  P) .  Invers ion  of the  8 1  x 8 1  matr ix  Amod a t  
each i t e r a t i o n  was co r rec ted  a s  descr ibed previous ly .  This  r e -  
duced t h e  time requi red  t o  genera te  both Q and P, but  t h e  
time saved was no t  t h e  main advantage of d i r e c t  P-matrix genera- 
t i o n .  
It soon became c l e a r  t h a t  d i r e c t  genera t ion  of the  P-matrix 
has  o t h e r  advantages. The eigenvalues and eigenvectors  of P 
have d i r e c t  phys ica l  i n t e r p r e t a t i o n  i n  t h e  n ine  dimensional s t a t e  
space,  s o  t h a t  picking P d i r e c t l y  follows Richard Wammings com- 
mndment, " the  purpose of computing i s  i n s i g h t ,  no% numbersgs (Ref. 13  ) .  
I n  addit ion,  when the  P-matrix i s  generated d i r e c t l y ,  the  A-matrix 
i s  unnecessary, and the time der iva t ive  x can be e f f i c i e n t l y  come 
I puted d i r e c t l y  from the nonlinear function.  By s e t t i n g  x, = @ , 
2. 
N I/ N 
- 
/I X2 = O 9  X3 = m  x = 9 ' ,  x 5 = v e ,  x 6 = m ~ ,  x 7 = q 1 ,  x g - v q ,  
N 
Q 2  4 
x9 = 9' the  equations of Fig ,  4 may be wr i t t en  i n  t h e  form ( f o r  
a l l  i n i t i a l  momenta zero): 
xl = - ax2 - a(x5 s i n  x + x cos xl) t a n  x 1 8 4 
x4 = - a(x5 cos x1 - x8 s i n  x1) 
x7 = - a(x5 s i n  x + x8 cos xl)/cos x 1 4 
9 k8 = - b(x8 - sat(d12k(-Agl s i n  r2 - Ag2 s i n  rl + 5 x9)) 
X9 = - 2xg + .2d12(sin r Ag + s i n  rlAg2) , 2 1 
where 
r e l a t e s  the present  nota t ion t o  t ha t  of Fig. 4. (Note t h a t  
d12 here i s  ten times d12 of Ref. 3.) See Appendix I11 f o r  
subroutine DER, which performs t h i s  ca lcu la t ion .  The version 
i n  t h e  search ' rout ine  i s  more s o p h i s t i c a t e d  than  t h e  e a r l i e r  
ve r s ion  i n  the  s imulat ion r o u t i n e .  The main improvement i s  i n  
t h e  c a l c u l a t i o n  of Ayi and &gi. S p e c i f i c a l l y ,  by us ing  t h e  
upper s i g n  f o r  i = 1 and t h e  lower f o r  i = 2 i n  E q .  (55) 
- -1 
'yi - tan (1 +  tan y + e a )  t a n  Tic i c  ) 
where 
LC; 
E = (COS x - 1)  t a n  yic -$ s i n  x t a n  x 
a 4 7  L cos  yic 
t a n  Pic 
T cos  x s i n  x 7 + cos  x t a n  x - s i n  x s i n  x 4 cos  yic 7 1 7 4 , 
(55) 
t a n  Pic 
E~ 
= (cos x - 1) + s i n  x s i n  x t a n  x s i n  x 7 7 4 1 7  cos yic 
LC. +_ t a n  xl s i n  x cos x 4 - t a n  x cos x t a n  y 1 4  7 cos y i c  . i c  
The formula i n  F ig .  4 i s  used t o  compute Agi un less  round-off 
e r r o r  would be s i g n i f i c a n t  because ABi < 0.1, i n  which case  
-1 A@ - s i n  p 9  where IJ, i s  t h e  i t e r a t i v e l y  obtained s o l u t i o n  of 
= - a t a n  Pic + ' , (56) 
i n  which 
1 4  1 - a = cos ABi = - -  2.4' - 
and l e t t i n g  b = cos  x - 1, j = 4 , 7 ,  j S 
K = (b7 + b4 + b b ) t a n  Pic + s i n  x 7 ( l  + b4) cos yic 7 4 - 
+ s i n  x s i n  y 
(58 1 
- 4 i c  ' 
where t h e  upper s i g n  i s  used f o r  i = 1 and t h e  lower s i g n  f o r  
i = 2 .  The procedure i s  f a s t ,  and does n o t  r e q u i r e  double pre-  
c i s i o n  a r i t h m e t i c ,  
I n i t i a l  experiments w i t h  d i r e c t  genera t ion  of t h e  P-matrix 
proceeded by us ing  t h e  c l a s s i c a l  Gershgorin Theorem (Ref. 14) 
and applying t h e  r e s u l t s  t o  t h e  OAO. See t h e  l i s t i n g  i n  Appendix 
111, where a p o s i t i v e  d e f i n i t e  ma t r ix  P i s  generated by simply 
r e q u i r i n g  t h a t  each diagonal  element i s  l a r g e r  than  t h e  sum of 
t h e  abso lu te  va lues  of the  off  d iagonal  elements i n  t h e  same row. 
The computations on t h e  PBP-10 time sha r ing  s e r v i c e  were s o  ex- 
pensive t h a t  i t  was decided t o  r e f i n e  t h e  r o u t i n e  by us ing  second 
order  examples before  r e tu rn ing  t o  l a r g e  order  systems. 
The r e s u l t s  of t h i s  refinement a t  p resen t  a r e  d isp layed i n  
Appendix 111. These r o u t i n e s  have found quadra t i c  Liapunov func- 
t i o n s  f o r  t h e  van der  Pol e q ~ z a t i m  
with e = 0.1, 1.8,  and 5.0.  For E = 0 . 1  the  quadra t i c  
Liapunov func t ion  g ives  an es t ima te  of t h e  domain of a t t r a c t i o n  
of a r e a  4.8, whi le  the  a c t u a l  a r e a  i s  approximately 12.5.  A 
t o t a l  of 1500 P-matrices were examined i n  about one minute on 
t h e  PDP-10 computer, t h e  b e s t  P-matrix found a t  t r i a l  number 89. 
Corresponding numbers f o r  E = 1.0,  E - 5 . 0 ;  f o r  the  Faulkner 
d i f f e r e n t i a l  equat ion ( R e f .  15)  
and the  Frommer d i f f e r e n t i a l  equation (Ref. 15) 
a r e  given i n  Table 3. The "actual  areas" were obtained by counting 
squares i n  the  f igures  i n  Davis's book (Ref. 15), and a r e  intended 
f o r  rough comparison only. Note t h a t  Frommer's equation, f o r  
which the  quadrat ic  est imate i s  worthless,  has a  l i n e a r - p a r t  such 
t h a t  t h e  o r ig in  i s  neu t r a l l y  s t ab l e .  The  r e s u l t s  f o r  the  Faulkner 
equation a l s o  appear t o  be discouraging, but  represent  a  s ign i f i can t  
improvement over a  previous by published (Ref. 16) quadrat ic  Liapunov 
function f o r  t h i s  equation, derived through a computer study using 
Lie  s e r i e s .  
T a b l e  3 
RESULTS FOR SAMPLE SECOND ORDER SYSTEMS 
E s t i m a t e  D o m a i n  
The main sbject of the second order studies described above 
was not to get answers for second order problems, but to develop 
a routine that would work efficiently on higher order systems. 
See the discussion in Appendix III of the third computer listing 
presented in that appendix. 
The routines of Appendix 111 along with the methods shown 
in Eqs, (53) thrsugh (56) have been programmed for the IBM 360175 
and the combination shows promise of investigating over 50,000 P 
matrices per hour. The subroutined DEW and PGGO are considerably 
more sophisticated than their predecessors AFX and QGEN, respec- 
tively. The former avoid double precision arithmetic and are 
over ten times faster than the latter, Additional compactness 
and speed is obtained by generation of points x by letting 
x = Cy as in Eq, (511, where 
in which R, el, . . . , 5 are independent, each 4i is uniformly n 
distributed on 1 l and R is so distributed that 
n Prob(R < r) = r . This procedure generates uniformly (by volume) 
distributed random points y without discarding points as men- 
tioned fol.lowing Fig. 26,  
Some computer runs were also nade by simply modifying the 
previously described PICK-A-Q routine so that it generated P 
matrices instead of Q matrices, There has been no real success 
from the PICK-A-P system, 
There has been no real success in mnning the PICK-A-P system 
for the following reason, As a starting point, a particular selec- 
tion of 45 parameters Is undertaken in order to arrive at a p.d. 
(posi t ive-defir i i te)  P-matrix from which the  search of the  s t a t e  
space begins. Since i s  a required var iab le  i n  the  search and 
. i s  a functfsn of Q, a p.d. Q is formed by 
I I n i t i a l l y ,  the  p.d. P d id  not  y i e ld  a p.d. Q, and i t  i s  
no t  necessary t ha t  it should. After  a  few hours of computer t i m e  
i n  which 35,000 p.d.  P-matrices were t r i e d  with no success ( i . e . ,  
no p. d .  Q-matrices), an a l t e r n a t i v e  was undertaken. 
The a l t e r n a t i v e  was t o  take the  bes t  P from t h e  bes t  p .d .  Q 
of the  PICK-A-Q program, f a c t o r  i t  i n t o  the  required 45-input 
var iab les ,  and use these a s  input  t o  the  PICK-A-P program. T h i s  
was done, but  the  reconst ruct ion of the 45 var iab les  t o  a r r i v e  a t  
the  p ,d .  P (QGEN-Subroutine) was de f i c i en t  i n  t h a t  i t  did  no t  
y i e ld  t h e  o r ig ina l  p.d. P. This d i f f i c u l t y  has not  been resolved 
i n  terms of subroutine QGEN, and hence the  negative r e s u l t s .  
Another subroutine (PGGO), which u t i l i z e s  t h e  same fac tor iza -  
t i o n  a s  mentioned above, t o  a r r i v e  a t  the  45 var iab les ,  y i e ld s  
the  desired p.d. P. The exact reasons f o r  the  d i f ference  between 
PGGO and QGEN have not  been ascertained t o  da te .  
V .  FURTHER WSEABCH 
To b r i e f l y  s u  r i z e  the  research  descr ibed here,  an e f f o r t  
has  been made t o  prove t h e  s t a b i l i t y  of a n in th  order  system 
a r i s i n g  i n  engineering p r a c t i c e .  Simulation, experience,  and 
i n t u i t i o n  g ive  convincing evidence t h a t  t h e  CIAO i s  ' g loba l ly  
s t a b l e ,  wi th in  t h e  momentum c a p a c i t i e s  of t h e  wheels. Mathe- 
m a t i c a l  proofs  of t h i s  s t a b i l i t y  have c o n t i n u a l l y  f a i l e d ,  but  
always, it seems, because of some s u b t l e  mathematical t r i v i a l i t y  
r a t h e r  than r e a l  phys ica l  a t t r i b u t e s  of t h e  system o r  important 
c h a r a c t e r i s t i c s  of t h e  system model, Brute f o r c e  computer s t u d i e s  
us ing  quadra t i c  Liapunov funct ions  and random searches t o  e s t ima te  
t h e  domain of a t t r a c t i o n  have c o n t i n u a l l y  given es t ima tes  of t h e  
domain which extend we l l  i n t o  the  nonl inear  region,  but  a r e  d isap-  
po in t ing ly  small  compared t o  s imula t ion  s t u d i e s .  One conso la t ion  
i s  t h a t  a conservat ive  es t imate  of t h e  volume of the  domain has been 
found f o r  a r e a l  n in th  order  system and t h i s  r ep resen t s  a f i r s t .  
However, f u t u r e  work based on the  p resen t  foundations should be more 
d e f i n i t i v e .  
Many ques t ions  of i n t e r e s t  have been opened by t h e  research  
descr ibed  he re in .  The most fundamental ques t ions  involve:  1) t h e  
b a s i c  e f f e c t i v e n e s s  of t h e  widely used quadra t i c  Liapunov func t ions  
f o r  e s t ima t ing  a c t u a l  domains o£ a t t r a c t i o n  and 2)  methods of 
random search t h a t  w i l l  succeed i n  high dimensional problems. In-  
s i g h t  i n t o  both ques t ions  can be obtained by developing a numeri- 
c a l  a lgor i thm t h a t  e f f i c i e n t l y  genera tes  quadra t ic  Liapunov func- 
t i o n s  and s i m u l t a n e o ~ ~ s l y  as su res  t h a t  t h e  b e s t  quadra t ic  e s t ima te  
of t h e  domain of a t t r a c t i o n  has been obtained.  Experience i n  
developing such an algori thm has provided information about random 
and d e t e r m i n i s t i c  search techniques.  The algori thm i t s e l f  g ives  
experimental  i n f o r m t i o n  on quadra t ic  e s t ima t ion  of the  domain of 
a t t r a c t i o n .  This  information,  i t  i s  hoped, w i l l  Eurther  s t i m u l a t e  
more t h e o r e t i c a l  approaches, i n  p a r t i c u l a r ,  approaches t h a t  w i l l  
l ead  t o  more s o p h i s t i c a t e d  aethods f o r  d i r e c t l y  descr ib ing  t h e  
domain of a t t r a c t i o n ,  a complicated s e t  i n  Euc l id ian  n-space. 
F ive  very s p e c i f i c  a r e a s  r e q u i r e  i m e d i a t e  study: l) methods 
of f a c t o r i n g  a  p o s i t i v e  d e f i n i t e  matrix i n t o  its diagonal  e igen-  
va lue  matr ix  and i t s  r o t a t i o n  matrices; '  2)  t h e  development of an 
algori thm t o  sh r ink  t h e  search i n  n-space t o  a s e t  of p o i n t s  
J; T 




po in t  x  i s  discovered such t h a t  $(x ) = 0; 3 )  i n v e s t i g a t e  
more f u l l y  '%a%mast diagonal" P-matrices (such matr ices  have pro- 
vided t h e  best e s t ima tes  t o  d a t e ) ,  4) examine t h e  p o s s i b i l i t y  
of descr ib ing  &he domain a s  a union of hypere l l ipses  and poss i -  
b l y  hyperannubf; and 5) cons t ruc t ion  of a  n e a t e r  a lgori thm f o r  
s e l e c t i n g  random po in t s  i n s i d e  a given domain i n  Euclidean 
n-space,  
The above a r e a s  should not  be regarded a s  main f u t u r e  r e -  
search goals ,  but  a s  r ep resen t ing  ways i n  which f u r t h e r  i n s i g h t  
i n t o  t h e  l a r g e r  problem might be obtained,  thereby leading t o  a  
b e t t e r  understanding of s t a b l e  system$ and models. The computer 
programs t h a t  have c o n s t i t u t e d  &he main emphasis i n  t h i s  r e p o r t  
a r e  regarded a s  t o o l s  leading  t o  comprehension r a t h e r  than as 
research  goals .  
gb-hle po in t  should be emphasized abgut t h e  viewpoint a t  Gmman.  
The most profound s t a b i l i t y  theorems p r e s e n t l y  a v a i l a b l e  i n  t h e  
l i t e r a t u r e  a l l  r e l a t e  t o  systems with a s i n g l e  n o n l i n e a r i t y  o r  
w i t h i n  a s p e c i f i c  e lass  of n s n l b n e a r i t i e s .  The  ease under i n v e s t i -  
g a t i o n  a t  Gmman involves many nsnlfnearities t h a t  do n o t  f a l l  
 he converse cons t ruc t ion  problem i s  descr ibed i n  R e f .  3 .  
i n t o  these c lasses .  The eventual hope i s  t o  develop theorems 
t h a t  i d e n t i f y  s t ab l e  systems w i t h  m l t i p l e  n o n l i ~ e a r i t i e s ,  but  
our method i s  experimental r a t h e r  than theo re t i ca l .  It i s  
based on the conviction t h a t  proving theorems i n  t h i s  a rea  
w i l l  become possible only a f t e r  experimental evidence has pre- 
sented a deeper understanding of the f ac to r s  t h a t  cause a sys- 
tem t o  be s t ab l e .  
I n  t h i s  r e p o r t  we have reviewed t h e  development of the  
s k a t e  equat ions of the  OAO "paired-TrackerB' coa r se  poin t ing  mode 
a t t i t u d e  c o n t r o l  system and have displayed some s i m p l i f i c a t i o n s  
of t h i s  model, v i  z ,  , metor s a t u r a ~ i o n  only,  and s ix .  dimensional 
approximation, T h e s e  models were compared by sigbgllation f o r  
r e l a t i v e l y  l a r g e  i n i t i a l  condi t ions  and were found t o  be essen-  
t i a l l y  s i m i l a r  i n  behavior,  w i t h  t h e  except ion of one unexplained 
d i f f e r e n c e  i n  yaw response f a r  t h e  f u l l  model and t h e  s i x  dimen- 
s i o n a l  approximation. 
The motor s a t u r a t i o n  only model was analyzed us ing  t h e  Popsv 
Theory, and i t  was shown t h a t  when t h e  channels a r e  l i n e a r l y  un- 
coupled, Lee., P lc  = 0, each channel i s  abso lu te ly  s t a b l e  when 
t h e  i n i t i a l  t o t a l  momentum i s  w i t h i n  t h e  wheel capac i ty ,  i f  t h e  
g a i n  of t h e  n o n l i n e a r i t y  does no t  go es zero  w i t h  l a r g e  argument. 
Unfortunately,  t h i s  i s  n o t  t h e  case f o r  a s a t u r a t i o n  and s o  we 
can only conclude t h a t  t h e  domain sf a t t r a c t i o n  i s  l a r g e ,  but  
t h a t  t h e  channels a r e  n o t  g loba l ly  s t a b l e .  This  d i f f i c u l t y  a r i s e s  
because of a pole  a t  t h e  o r i g i n  i n  t h e  t r a n s f e r  func t ion  of t h e  
l i n e a r  p a r t .  This  a l s o  prevents  success fu l  a n a l y s i s  s f  t h e  coupled 
system v i a  t h e  meehods 0% Moore and Anderson, Sandberg, and 'Btacubovich. 
The a lgor i thm (P i ck  a Q-Matrix) f a r  e s t ima t ing  t h e  domain of 
a t t r a c t i o n  was developed and random search techniques f o r  so lv ing  
t h e  requi red  minimization problehn and maximization problem were de- 
veloped. The f o m e r  problem was solved v e r y  successfully by tak ing  
advantage 0% t h e  known geometry of t h e  problem, The latter problem 
was solved w i t h  some d e g r e e  of success  by us ing  a "creeping a c e e l -  
erated r a n d m  search."' However, became of t h e  unknown g e m e t r y  of 
t h i s  l a t t e r  problem and i t s  higher dimensionality (45 versus 9) ,  
similar success was not  achieved, The algorithm was t e s t ed  on 
both the  nine and s i x  dimensional f u l l  nonlinear models with 
s imi la r  r e s u l t s .  The r e s u l t s  a r e  disappointing by comparison 
t o  the  simulation r e s u l t s ;  however, they a r e  s i g n i f i c a n t l y  beyond 
the  region i n  which the  nonlinear e f f e c t s  f i r s t  become dominant. 
The  algorithm was a l s o  t r i e d  on a prototype two dimensional 
problem t o  demonstrate t h a t  the  algorithm would work successful ly  
on a sa tura ted system w i t h  a c r i t i c a l  l i n e a r  pa r t ,  but  the  r e s u l t s  
a r e  very s ens i t i ve  t o  the matrix ro t a t i on  parameter. A second 
algorithm (Pick a P-Matrix) was formulated based upon a more heu- 
r i s t i c  approach and gave some promising r e s u l t s  f o r  two dimensional 
systems, but  f a i l e d  t o  produce any r e s u l t s  f o r  the  nine dimensional 
problem. This f a i l u r e  was apparently due t o  our i n a b i l i t y  t o  ob- 
t a i n  a good s t a r t i n g  matrix by fac tor ing  the bes t  P-matrix obtained 
v i a  the  f i r s t  algorithm. 
The review of required research shows t h a t  t h i s  approach (op- 
t imal  quadrat ic  est imation) i s  s t i l l  a promising one, but  i l lumi-  
nates  some research problems of s ignif icance.  Pa r t i cu l a r ly ,  these 
are :  t he  need f o r  more e f f ec t ive  search techniques f o r  problems 
of high dimension, a method f o r  determining the  fundamental l i m i t a -  
t i ons  of our approach, and a more d i r e c t  procedure f o r  est imating 
the  domain of a t t r a c t i o n .  
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DETAILED DESCRImION OF ESTIMATION ALGORITIIMS 
T h i s  appendix contains a flow cha r t  and l i s t i n g  of the  
s t a b i l i t y  ana lys i s  algorithms where a Q-matrix i s  i n i t i a l l y  
se lec ted  and where a P-matrix i s  i n i t i a l l y  se lec ted.  Both 
algorithms a r e  bas i ca l ly  the  same, the  primary di f ference  being 
t h a t  i n  the  Q-matrix s e l ec t ion  an inversion process i s  required 
t o  determine t h e  associa ted P-matrix (which i s  assuredly posi- 
t i v e  d e f i n i t e ) ,  whereas i n  t h e  P-matrix se lec t ion  the  r e s u l t i n g  
Q-matrix (not necessar i ly  pos i t ive  d e f i n i t e )  found by a matrix 
mul t ip l ica t ion  must be t e s t ed  t o  a sce r t a in  i t s  charac te r .  A l l  
Q-matrices t h a t  r e s u l t  from picking a P-matrix must be discarded 
i f  they prove t o  be semidefini te  or  .negative d e f i n i t e  because of 
the  theory being u t i l i z e d .  
A thumbnail sketch of each of the  subroutines shown i n  the  
flow c h a r t s  (Figs ,  1-1 and 1-2) follows. 
Subroutine AFX 
This subroutine ca l cu l a t e s  the  matrix A and the  nonlinear  
vector  f (x )  of the  equations of motion k = Ax + f (x)  . 
T h i s  subroutine generates a pos i t ive  d e f i n i t e  matr ix Q 
given a s e t  of n ( n S 1 ) / 2  independent var iables  a s  given i n  Ref. 3 .  
Subroutine DSRCH 
T h i s  subroutine i s  t h e  search subrautine f o r  the s t a t e  space 
where a min V w i t h  $ - 0 i s  t o  be achieved. 
T 
This subroutine solves the equation A P + PA = - Q for a 
positive definite P-matrix, given a stable A-matrix and a p ~ s i -  
tive definite Q-matrix. 
Subroutine DEIGN 
This subroutine calculates the eigenvalues and eigenvectors 
of the positive definite P-matrix. 
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9 0 5  CCNTINUE 1 0 1 0 2 3 1 0  
MOVF = MOVE + 1 .- --  1 0 1 0 2 3 2 0  
IF(NCLE.GE.NSW) GO TO 2C35 1 0 1  0 2 3 3 0  
IF(MO_V-E.L_E?NSWl KG0 I O z l f Z - 6  . - - -. - - - - - - - -. - -. . . - - - - - lO_ l02343 _ -  
D I V I  = 0.5*DIVI  1 0  1 0 2 3 5 0  
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-. - - A-P--- - -- l o t 0 1 3 6 2  _- . _ 
I F  (DIVI.LT.0.25) C I V I  =-0.25 1 0 1  0 2 3 7 0  
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- - -. - -- . - 
10 1-023RO 
2C39 IF(MOVE.LF .NSW2)GO TO 2 1 6 6  1 0 1  0 2 3 5 0  
D l V I  = 2.+ D I V I O  
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c - A - -- - - .. . - . - --.- - - L010_9 18L.. - - 
- -- . - - - . - 
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I S N  0 0 2 0  G (  I )= V M I N / B (  I )  10700210 
1 S N  0 0 2 1  - 1 0 5 0  GC-(I)?-SQ_R_T(G(I_)) _- --- - -  - - - -  -- -1 0 7 0 0 2 2 0  
I S N  0 0 2 2  1 0 3  I F C Y N  .LT. SOO*NNN)GC TC 800 10700230 
I S N  0024 _-_ -_- 7 0 5  EF'?MA_T_( .QH -NN=-*-I 6 1- - ---- .- _ - - - -- - . - -  --- - 
- 1 0 7 0 0 2 4 0  
- - -  - -- 
f S h  0025 NNN=NNN + I 1 0 7 0 0 2 5 0  
w 
h) 
I S N - 0 0 2 6  - 9 0 -  !!!N-NN f .I-- - -_  _ - --  -- 1 0 7 0 0 2 6 0  
a\ I S N  0 0 2 7  I F ( N N  .GT. Z.OE+CE) GO TO 311 1 0 7 0 0 2 7 0  
ISY 0029 DO. 10 I r = ~ . q  .
- - - - - - -. - - - - - - 1 0 ~ 0 0 2 8 - 0  
I S N  0 0 3 0  CALL B O X N O ( R ~  .QZ) - 1 0 7 0 0 2 9 0  
- I-sfl. 0031 - x!L( I!-=_ ??_ _ _ -- __- - - _ - -  1 0 7 0 0 3 0 0  - - 
- - - -- - -- -- - - - 
I S Y  0 0 3 2  I F ( N N  .LT. 1 0 0 0 ) X X ( I  )= G G ( I  ) * X X ( I ) / 6 .  1 0 7 0 0 3  10 
I F ( N N  .GE. 1 0 0 0 ) X X ( I ) =  G G ( I ) * X X ( I l / 3 r  I S N  0 0 3 4  --- 
- - -- 1EOP320__ . 
- - - -  - -  
I S N  0 0 3 6  1 0 1  C C N T I N U E  1 0 7 0 0 3 3 0  
- C-. -- XX'_ 12 .ARE- THE _E_IG&hlVECT_q_R-CORRPIN*LE_Z.- - - - -- 10700340 - -- - -- - . 
C NOW T R A N S F O R M  T C  X (  I ) C O D E D I N A T E S  1 0 7 0 0 3 5 0  
D O  9 3 0  1 ~ 1 . 9  1 0 7 0 0 3 6 0  I S N  E) 937 --.------ - - - ---- -- - -- - - -- - --- --  -- . -- - -- - - 
I S N  0 0 3 8  $ 3 0  X (  I )=O.O 1 0 7 0 0 3 7 0  
I S N  0 0 3 9  D O  935 I=l .P 
- - -  - - -  - - . -  i o 7 0 o s e o  - 
I S N  0 0 4 0  D O  935 J = 1 ~ 9  1 0 7 0 0 3 9 0  
1 S N  0 0 4 1  * 3 5 - X ( ! ) =  X(.l? + C(f*J)_*?!?cJ-!- __ -- --- 1 0 7 0 0 4 0 0  
6 C G E N E R A T E  V L  1 0 7 0 0 4 1 0  
I S N  0 0 4 2  259 VL=O.O 
- - - . -- - - - -- - - - - - - - - - - - - - - - 
10700_420 - _  
I S &  0 0 4 3  DO 2 6 0  I = l . S  1 0 7 0 0 4 3 0  
I S N  0 0 4 4  2 6 0  P X (  I)=O.O . - - - - -. - - - - -- 1 0 7 0 - 0 4 4 0  
I S h  0 0 4 5  D O  2 6 1  I = l . S  1 0 7 0 0 4 5 0  
I S N  0 0 4 6  D C  2 6 1  J = 1 . 5  
- - - -- - - - 
1 - 0 7 0 0 4 6 0  - 
I S N  0 0 4 7  261 P X (  I ) = P X ( I )  + P M ( I . J l * X ( J )  1 0 7 0 0 4 7 0  
I S Y  0 0 4 8  DO 3 6 2  I = 1 . 9  
- - 1 0 7 0 0 4 8 0  
ISN 0 0 4 9  2 6 2  VL=VL + X (  I ) ~ P x ( I )  1 0 7 0 0 4 9 0  
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S S ( L . L + L ) = C T S ( T T H F T P ( N ) )  
5 S l . K  ~ L I L ) = - S I N ( T T + E T A I M ) )  
SS(L.K,L)=SIN(TTHETP(V)j 
Gr: T O  'IC 
2 3  S 5 ( K  . K . C ) = C O S ( D H I V ( K ) )  
5 5 ( L . L . L ) = C O S ( P H I V ( K ) )  
S S ( K . L . L  ) = - S I N ( P H I V ( K ) )  
0 0 0 0  inla r- a, 
P I C  C r- 
O O C O  
o!o 0  0 
o  o  o  0 
o10 0 0  
@/-I I 
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i ; I / 
1 ;  I 
i ! 
I '  




0  0 016 o10 010 
O L O - N P ) U ~ O  f i l m  w ' m  m,co a cr: 010 0  0  010 0 0 0 0 0 / 0 0 0 0 0  
Dl@ ojOl0 o o o  0 0 0 0 0 0 0 0  





O O O C O O  LnCJr-Qmo 0 0 0 0 0 I  
w 
$$ UJ l 2 
I- ' 5:  
- i ? ,  5 
II 0 
' t  r u 
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rlv r r m i  
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N m * j n C  r - m o o  N m e m  obrn!o.o-cu 
~ m m n m  m Q a i w ~  a a a o ~ t . ~  0 0 0 , 0 0  0 C 0 j 0 0  0 0 ' 0 0  0 0 0 a 0 0 0  0 0 0 1 0 0  0 0 0 0 0  0  0 0 0  0 0 0 0 0 0 0  
N m d m  a + m ( ~ o - .  
it d b *  d e d e m m  
C 0 0 0  0 0 0 0 0 0  
0 O O C  0 0 0 0 0 0  
Z Z Z Z  Z Z Z Z Z Z Z Z Z ~ Z L  Z Z Z Z Z  Z  Z ' Z Z  Z Z Z Z Z Z Z  
vr 
Z Z Z Z Z Z  
M M V , C ~ M V , U , ~ M ~ M V ,  M C ~ V ~ I M C ~  L Z Z Z Z  V ) V ) V )  m U 1 V ) V ) V ) V ) V )  
- 2 r -  - C I . . ~ u C (  2 r , . u  u 3 r - , . m u  M M V ) M ~ M  L ( C I , . C I C ( ~  W V ) v r V ) V :  1 1 - 1 1  
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a ? i L a , 5 a , m O \  
0 0 C 0 C 0 0  
~ ~ 0 ( r o . O \ U . o ' J I  
0 0  0001000C)  
C O C I O 0 C . O  0 0 0 0 0 0 0 0 0  
7 7 2 2 2 2 2  Z Z Z Z Z Z Z Z Z  
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05/360 F C R T R A N  H D A T E  69.199/15.47.34 
G P T I O Y S  - N A M F =  %MA Ih r  C P T = 0 2 * L I N E C N T = 5 6  + S O C 1 l ? C F ~ e C D  , L I S T  ~ N O D E C K . L O A E ~ M A P ~ N O E V I T ~  ID 
- -- -- - - - - - -  - . 
S U Y R O U T I N C  P E A I O (  K E E F )  10400010 
I M P L I C I T  R E A L * 8  ( A-+SO-Z)  10499929 
CO'4YON / E L K 5 1  A ( 4 . 9 )  . Q ( F . F ) , P Y ( 9 r 9 )  . F ( 9 ) . D F ( W )  10400030 
13_Q00040 
Y = 9  10400050 
- . . . . - _ ----- 1 9 - 4 S P Q  .. - 
10400070 
DOUALF PREC ISION P A W C C . P ~ O V ~ A ~ E , A M , C  . P V  ,PTP.FA .OF jo4oooeo 
D I M E N S I O N  AAMOD(  @ 2 . € 2 )  .PC81 ).OV( 81)  * E ( 9  9 9 )  t A M ( 3 . 9 )  10400090 
1 r P S T E P ( 8 2 ) . O P (  S v  G )  - . l94_00~00 
COMMON/RLK 70/  A A R ( S . S )  . R C ( 9 . 9 l . P A ( 9 * 9 ) * A T P ( 9 . 9 )  10400110 
- - - - - - -- - - - - - 
10_40_0 120 
N  = D I W E N S I O N  O F  P - M A T R I X  ( I N P U T  Ch C P R D  hC.2 ) 10400130 
A  = I N P U T  M A T R I X  . - . . -- -- - - ---- . .  l04?0&40 _. 
10400150 





* -  -- - - -- -- --  - -- --- -- 
P M  . CP. A T P  9 P A  . AM . E 10400190 
C  
. -- - - - - ---- - - - -. - - - - j04Q0_22Q _ 
I S N  0009 N N  = N * N  10400230 
1st -00_1_0 - 10400240 _- 0 0 3 1  I=!!_& _. - - - _ - ----- _ _  - - -. - .- - - 
I S N  0011 D O  3 7  J = l . N  10400250 
I S N  0012 1040028f3-__ FLM( L*J1 = O - O - .  - --. -. -- -_ ---- - - _  -- 
I S N  0013 0 P C I . J )  = 0.0 10400270 
w 
W I S N  0014 A T P ( I . J ) =  0.0 - .-. - - -- 1040_OZRO 
ril I S N  0015 P A (  1 . J )  = 0.0 10400290 
I S N  0015 _- A M ( 1 , J )  = 0.0 .- - -- 10400300 
-- -- -- --- - . - - - - 
I S b  0017 37 E ( 1 . J )  = 0.0 10400310 
C  )N r_ l l _= - I~>N .1=J+1JL I (A (03692 .6 (ET I_L04~rJ20  - __-__-  _ 
I S N  0018 ' 2953 F O R M A T (  IH /( IX.BE~~;?)  )-- - 10400330 
I S N  
I S N  
I S N  
I S N  
I S N  
I S W  
I S N  
I S  N  
I S  h 
I S N  
c - 10 4_00_140 ---- - - - - - - - - 
C  10400350 
c - 10400360 - _ --- ?!!KING Q PFRF-ECTLY- SY!!METRIC-- _- -. -- - 
NK = 2 10400370 
42 DO 76 JJ = 1 .8  
- .. 
10400380 
O(NKIJJ) = O ( J J . ~ K )  10400350 
NOOK = N K - 1  .- - - - - - 10Q00400 
-- - --- - - . - - - 
I F ( N 0 O K  e E O . J J )  GC TO 77  10400410 
74 C O N T I N U E  
. ---. - - - -. -- -- - - .. - 
104 00420 
77 I F  (NK.EO.9) G O  T C - € 7  ' 10a00430 
NK = N U  + 1 
- 
10400440 
CO TO 4 2  10400450 
87 C ~ N T I N L F  I O ~ O ~ B O  
C  10400470 
C S E T T I N G  O - M A T R I X  TC C-VECTOR 104004eO 
C 104 00490 
IA=1 10400500 
09 52 l = l r N  10400510 
0 7  02 J = l . N  10400520 
C V ( I 4 )  : f l ( 1 . J )  10400!57!0 
57 I4=IA+I  10400540 
C k R I T E ( F . 2 0 5 )  10400550 
P A G E  002 
206 F O R M A T (  I H  / 1 X t  1 i H  0 - V E C T O R  / /  ) 10400560 1 
C  W R I T F 1  C 1 2 0 6 3 ) ( 9 V (  I F )  . I P = I  .NN)  10400570 
c 104005eo 
C  10400590 
C 10400600 1 
C  T b I 5  S E C T I O N  C A L C U L A T E S  T H E  PAMOC M A T R I X  10400610 
C  W H I C H  I S  G T V E N  B Y  10400620 
C XXXX XXXX 10400630 
C  X  - _ X  - 
- --- -- - - - - 
1040_0-640 
C  X  A T +  4 1 1 . 1  ~ 2 1 . 1  A 3 1  .-I X 10400650 I 
C  X X  10400660 
C  X  A 1 2 . I  A T + A 2 2 . 1  A 3 2 . I  X  10400670 
C  X X  10400680 
C X A13.I A 2 3 . 1  AT+ 4 3 3 . 1  X  10A00690 ( 
C X X  
-- - 
10400700 
C  XXXX x x x x  - -- - 10400710 
C  10400720 
C  SO400730 1 
C I N I T I 4 L I Z A T I O N  O F  AAWOC 
- --. 
10400740 
C  10400750 
C  
- - - -- - - - --- - -- - .. - - - - -- .- --- -- - 10400760-- -- -- -- -. - . - -- 
I S N  0037 IF(KFFP.GT-+o) G O  T O  66 10400770 
I S N  0039 D O  10 L = 1 . N N  10400780 ( 
- .  
H S N  0040 D O  10 L A =  I I N N  ~ o a o o i s o  
I S N  0041 10 A A M O D ( L . L A )  = 0.0 
. - -  - 
104~0riOO 
C  10400810 
c C E F  INE LNIT MATPIX OF ORDER N .CALL IT E 104_ooazo 1 
- - -  - --. - - -- - - - - -- - - - - - - -- -- - -- - 
C 1 0 4 0 ~ 0  - - 
I S N  0042 D O  30 MAA = 1 r N  
- - - - - . -- - -- - - - - - - - 
10400840 
I S N  0043 30 E ( W A A , Y A A )  = 1.0 1 ~ 0 ~ ~ 5 0 -  
C  
- - -  
10400860 
C  10400870 
C  
.. - 
104  00880 
- -"- -- - -- .- -- - - -- - . -. - - - -- - - 
C  10400890 
C  T H I S  S E C T I O N  C A L C U L A T E S  T P E  S E C T I O N  O F  T h E  AMOD 10400900 
.- 
c MATRIX WHICH I S  CCCFGICED OF A(J,I)-P E - -  - - - - * -  - - - - -  104 039 10 
P S N  0044 I P  = -N 
-. 
10400920 
- -. -. - - - - - - - - - - - -- - - 
I S N  0045 DO 50 M R = l  * Y  10466930 
I S N  0045 I P  = I P  + N  
- 
- < - 
10400940 
- - - 
I S N  0047 1.0 4-00 95 0 - ^ - t 
i S N  0048 DO 50 J P  s 1 . N  10400760 
I S N  004Q I P P  = IPP + h  10400970 
t S N  0050 D O  40 K= I r N  
. . -. 104009flO- 
r s u  0 0 5 i  DO 40 K A =  I.N 104009qo 
I S N  0052 A M ( K , K A )  = A ( J r l . M G )  + E ( K , K A )  
-- - - - 
10401 000 
I S N  0053 < P I P  = K + I P  10401010 
I S N  0054 K A P  = K A +  I P P  10401 020 
I S Y  O ~ = S  a o  AAMGD(KPIP IKAP)  = P C ( K . K A )  10401030 
I S N  0056 50 C O N T I N U F  10401040 
C  10401050 
C 10401040 
C 10401070 
C  10401 090 
C  10401090 
C T H I S  S F T T I O V  A D 3 5  TI-€ A  P A T R I X  T O  T H F  C I P G O h A L  h X h  i on01  I O O  
C  F L F Y F P I T S  nF bA" IOD 10401 110 
I S h  5057 
I S N  0 0 5 8  
I S *  0 0 5 9  
ESN 0 0 6 0  
ISW 0 0 6 1  
I S N  0 0 6 2  
I S N  0 9 4 3  
I S N  0 0 6 4  
I S N  0 0 6 5  
I S N  0 0 6 7  
PAGE 0 0 3  
C - -  - 1 0 4 0 1 1 2 0  
C 1 0 4 0 1  13'3 
D O 5 9  K = l s U  - -  - . - -  _ - .la4QL1 4 Q  - . - . - - 
IP = ( K - I f f  N 1 0 4 0 1 1 5 0  
DO 5 5  L T  = 1 ,N -._ __ 104Q- IddQ-  
nfl 5 5  LM = 1 r N  1 0 4 0 1 1 7 0  
I L T  = I P + L T  J D 4 _ ( ? U B Q  
IPM = IP+LM 1 0 4 0 1 1 9 0  
55-PA-MnQI. I-LTI I P M ) ?  AAMPCXILT t  IPM)+ A ( L t ! t L T )  _ LOLO!  2 0 %  . . - - 
6 0  CCNTINUE 1 0 4 0 1 2 1 0  
C 1 0 4 0 1 2 2 0  
C T t A T  F I N I S H E S  THE CALCULATION OF ANOD thCW WE MUST 1 0 4 0 1 2 3 0  
C OQINT I T  OUT RECAUSE SREVNI WIPES !JUT_ P M O B  _ _ _ 1 0 4 0 1 2 4 ~ 1  
C 1 0 4 0 1 2 5 0  
C - -_. -_  1QP_2*6_fE_TI-1040126_0 -- 
2 0 0  FCRMAT( 1H / l X * l € H  AAMOD - MATRIX  / /  1 1 0 4 0 1 2 7 0  
C . . N.N. l= I  .)AY+l.=J,-) J t f  WOMAACt ) 3 6 9 2 , 6 (  E T I  j 0 4 0 1 2 8 0  
C NCW FOR A-INVEQSE 1 0 4 0 1 2 9 0  
C 
--- - - -. - . .  1 0 4 0 1 3 0 0  
I CEM=NN+ 1 1 0 4 0 1 3 1 0  
C 
- - -  - - - - - -* - - - - - - -. ---- - - - .- - . -- - -- - -- -- ----- - - ---- - 
1 0 4 0 1 3 2 0  
C A L L  MINVD(AAMOD.ICECIN~.ISTEP~IERR) 1 0 4 0 1 3 3 0  
C_ - -- . . -  . _ . - _ _._ -. _ --__ ._ .. _- - ___104P_134P. .- - 
C 1 0 4 0 1 3 5 0  
C NOW -AA.MOn I NV_ER_S_E _HAS R_EPL_ACE AAMgC -- - - -  . 10_401360  
C 1 0 4 0 1 3 7 0  
- - - . - - - 
) 1 92r5 (  E T  I- 1 0 4 U 3 R L  c _" - -- - - - -- - - -- - -- - -_ - - - - - - - - -- - - -- -- 
I S N  0 0 6 8  2 9 1  FORqAT< 1H / lX.22bPPMOO-INVERSE M A T R I X  . 11) 1 0 4 0 1  3 9 0  
c - - - - --. - -- . - - -. - --. - -. - - . - - - -- -- - - - - - - - N N . l = I  3 7 1  1040_140g-  
e C )NN.I=J,)J.I(~MAA( ) 3 6 9 2 . h ( E T I  1 0 4 0 1 4 1 0  
W I SN 0 0 6 9  66 DO 70 I B  = lLNN - - 1 0 4 0 1 4 2 0  
P I S N  0 0 7 0  P ( I B  ) =O .O 1 0 4 0 1 4 3 0  
I-S-N 0-OLI - -- - - 0 0  - 72! IC_L 1 r N N  - - - - -. -- - - -- - 10401_440 - --- - - _ -- . - - 
I S Y  0 0 7 2  7 0  P ( I f l 1  = P (  1 8 ) ' - A A M O C ( I B r 1 C )  * Q V ( I C )  1 0 4 0 1  4 5 0  
--- . = WRITE(6_*205_!-- _-- - -- - . _- _ - - - -- - - - - 10ag-1_4_60 _ - -. - - - 
I S N  0 0 7 3  2 0 5  FORMAT( 1H / 1 X s 1 4 P  P-MATRIX * / / I  1 0 4 0 1 4 7 0  
I S N  0 0 7 4  - -  _ -  K_%l- 1 0 4 0 1 5 0 0  
- - - - - - - - -- - - -- - -- -- -- - -- -- - - - -- -- - - - - . - - - - - - - - - 
I S h  0 0 7 5  DO25 I = l . N  1 0 4 0 1 5 1 0  
I S N  0 0 7 6  0 0 2 5  J=l .N - - 1 0 4 0 1 5 2 0  
1 0 4 0 1 5 3 0  I S N  0 0 7 7  PW(1 .J )  = P ( K )  
I SN 0 0 7 8  - 25 - K = K + l  
- - - - - -- -- - -- - - - - - - -- - - .- - . . - 
1 0 4 0 1 5 4 0  
- - 
C CALC~LATION OF ATP ( P  TRANSPOSE P ) 1 0 4 0  1 5 5 0  
C _  - C A L C U L A T I J N  OF P A  (F-MATR? X A ) - -- - . - - - - - -- -- 10401560- - -. -. 
I S N  0 0 7 4  DO 25 IZ1.N 1 0 4 0 1 5 7 0  
I S Y  004?  
I S N  0 0 0 3  26 
ISN 0 0 8 4  
I S N  0 0 8 5  
I S N  OOR6 2 7 
C 
I S N  0 0 8 7  4 7 6 5  
C 
A T P ( 1 . J )  = A T P ( 1 . J )  + A(K.1) *PM(K.J) 
- 
P A ( 1 . J )  = PA(1 .J )  + P H ( l r K )  * A(K .J )  
00 27 I -1 .N  
DO 77 J = I . N  
QP(1 .J )  = -ATP(  1 .J )  - P A ( 1 . J )  
V Q I T E ( 6 . 9 7 6 = )  
FORMAT( 1H / 1X.36H C FROM PUTTING F I N T P  -ATP-PA = Q / / )  
D C Q 4 1  I = l r N  

Z Z Z Z  
a (T Vl Y) 
- 1 u I  
m 0 0  
- - N  
c o o  
0, 0 0 
r , N P l b  ur 
N r n N * i  N 
0 0 0 0  c 
O C O O  0 
I . .  
, ' I  
I I ; 
I 
L E V E L  2 F E D  67 0 S / 3 6 0  F O R T R b h  H D A T E  6 5 - 1 9 S / 1 5 - 4 7 . 4 9  
-- - - 
COMP I L E U  n P T I C Y S  - N A M E =  BMA Ih .  CPT=O2.L  I N E C N T = C 6  *SOURCE s P C D  ~LIST.NODECU*LOAD.MAP.NCEDXT* 10 
- -  - - - - - - - - - - - - . -- -- - - -  - -- . --- -- - - - -- - - -- - -- - - - - - - - - - - - 
I S N  0 0 0 2  F U N C T I O N  I M E Q D ( M I E I C + ~ . P I Y I O ~ S C A L E )  1 0 5 0 0 0 1 0  
C T H I S  F P R T P A N - 4  P R O G R A Y  CCLVE-S A X  = Y-BY T R I A h G V l  AE_DECQM_P-O_SJTION. l O s 0 ~ -  -- - - - - _  
C T H E  A R G U Y E N T S  H A V E  T V E  SAME M E A N I N G  A S  T H O S E  O F  X S I M E C .  1 0 5 0 0 0 3 0  
I S N  0 0 0 3  @EAL%B D O f P Q  - _ __-  - -_ -.. --105D0_04Q . 
I S N  0 0 0 4  D O U 3 L F  P R E C I S I O N  SUV+A.Y.SCALE.D 1 0 5 0 0 0 5 0  
ISM 0905 - - D A Y E M - % X O N A L M J  D ~ L L r X _ I  E-KDLU L S C A L L L I  1- . -_ - - - -__-__- .  l Q 5 0 0 Q b Q  _ _ - - - - -- 
I S N  0 0 0 6  COMMON / I N F O /  S U M + h U W R E R v  I N C R r  I N C C  1 0 5 0 0 0 7 0  
I S N  0 0 0 7  I N T E G E R  S P I L L  - - _-- - -_- .- P2540980 
C S E T  O V F R F L O W  I N D I C A T O R .  1 0 5 0 0 0 9 0  
C TAMPER Q V E R R I D F S  S T A N P A R D  P A N O L I N G  Q F  SPILC-hNJERYP*IIQY5~_IIS PR-CYY. -1Q599LJQ . 
C MENT I S  S E T  TO Z F R O  A h 0  T H E R E A F T E R  T F E  V A L U E S  0 . l r 2 . 3  I N D I C A T E  N O  1 0 5 0 0 1 2 0  
_ .- -- . C -- _ _ - S P I L L !  NDLRf C O Y Y Y Q h L L  _C_VEGF_L9. W _ O N L Y L N - 0 3 0 T  F r R E  S P E L T I  V EL Y . - - l - E A a G 3 L  -- .- ---- ---_ - -- 
I S N  0 0 0 8  I N C R  = M I D  1 0 5 0 0 1 4 0  
I S N  0 0 0 9  I V S C  = 1 - . _ _  _- ---- - - _- _- _ - - -- -. . -.-I 0 5 9!2l50_. . - - 
I S N  0 0 1 0  DO 1 2 0  I =  l r M  1 0 5 0 0 1 6 0  
I S N  0 0 1 1  X = 0 .  - -- -. - - - - - - - - -. - - - - 1 0 5 O O l 7 D  _. 
I S N  0 0 1 2  D O  1 0 0  J = 1.M 1 0 5 0 0 1 8 0  
I S N  0 0 1 3  _ - GE-T Z- -= A-@S(_A_( 112 )_)- -- - - - ---- - ----- 1 0 5 0 0 1 9 0  - - --- --- - - - -- -- -- - -- 
I S N  0 0 1 4  1 0 0  X = A M A X I ( X . G E T Z )  1 0 5 0 0 2 0 0  
I S N  0 0 1 5  
I S N  0 0 1 6  
I S N  0 0 1 7  
I S N  0 0 1 8  
----- 
I S N  0 0 1 9  
I S N  0 0 2 0  
I S N  0 0 2 1  
I S N  0 0 2 2  
I S h  0 0 2 3  
I S N  0 0 2 4  
I S N  0 0 2 5  
I F  ( X I  1 0 5 . 4 9 0 . 1 0 5  - -  - 
1 0 5  X = P O W 1 6 ( X )  
C P O W 1 6 ( X )  I S  T H E  POWER Of 1% N E X T  L A R G S R  T E A L A B S I X )  . _ . ._ -10.5-0 Q 2 3 0  
O = D * X  1 0 5 0 0 2 4 0  
I S N  0 0 2 6  G O T Z _ =  A R S ( A (  IIJ)) 
- - - - - - - - ---- --- - -- - - 
1 0 5 0 0 _ 3 3 0  _ _ 
I S N  0 0 2 7  1 3 0  X = A M A X l ( X . G O T Z )  1 0 5 0 0 3 4 0  
I S N  0 0 2 5  I F  ( X )  1 3 5 . 4 9 0 . L 3 E  -. 
I S N  0 0 2 9  1 3 5  X = P O W 1 6 (  X I  
I S N  0 0 3 0  
I S N  0 0 3 1  
I S N  0 0 3 2  
I S N  0 0 3 3  
I S N  0 0 3 4  1 4 0  A ( I - J )  = A ( I I J )  * X - - - -  1 0 5 0 0 0 1 ~  _ 
- - -- - -- - - - - . - -- - 
C M A J O R  L O O P .  T U I  ANGULAR DECOMPOSI TION WI TH-D.P. ACCUM O F  I N N E R  P R O D U C T S  1 0 5 0 0 4 2 0  - 
I S N  0 0 3 5  D O  3 1 0  K = 1 M- - 
. . -. -- - - - . - 1 0 5 l 3 2 4 - 3 0  - 
I S N  0 0 3 6  K l = K - 1  1 0 5 0 0 4 4 0  
I S N  0 0 3 7  
I S N  0 0 3 8  
I S N  0 0 3 9  
I S N  0 0 4 0  
I S N  0 0 4 1  
I S N  0 0 4 2  
I S N  0 0 4 3  
I S N  0 0 4 4  
I S N  0 0 4 5  
1 5 0  N U M B E P  = K 1  
- 
X = 0 .  
L = K  
DO 1 8 0  I = K I M  
SUY = A ( 1 . K )  
A ( 1 . K )  = D O T P R ( A ( I I I ) . A ( I ~ K ) )  
C + X ( N I J W R F R ) * Y  (NIJMREI;) WHERE X AND Y P A V E  THE S T C R A G E  INCR_EMENTS 
C D O T D R ( X . Y )  G I V E S  T H E  (0.P. A C T U M U L A T F D )  V A L U E  S U N  + X ( l ) * Y ( l )  +.. 
C I N C Q  A N 0  I N C C .  P O T P G  U S E S  COMMON AREA I N F C  
.. 
I n s  I F  ( X  - A R S ( S U M ) )  1 7 C . l E C . 1 8 0  
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O P T I O N S  - PIAM€= BYAIh.CPT=02rLI~E~~T=C6.SCLRCE .RCD ~LIsT.NoDEcK.LoAD~MAP~NOEDIT. I D  
- - - -. . 
S U B R O U T I N E  A F X (  J S W )  1 0 8 0 - d b 1 0  - 
I M P L I C I T  R E A L * 8  ( A - b . 0 - 7 )  1 0 8 0 0 0 2 0  
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COMMON / R L K 1 /  P H I . V F P I . W P H I . T H T + V T H T . W T W T ~ P S I t V P S I ~ W P S I - -  1 0 8 0 0 0 4 0  
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- - 
1 0 8 0 0 0 6 0  C9MM o-v. /RLK4/ t^ rTkT-,HFsl - ----- -- --  -- -- - - 
1 0 8 0 0 0 7 0  
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- - - -- . - - - - -  - . -- - 
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C O M M O N / ~ L K ~ ~ ? / X ~  E . X ~ E & E  1 0 8 0 0 1  1 0  
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-- 
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1 0 P 0 0 3 8 0  
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- -. - 
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I S N  0 0 1 9  S P 2 C  = S I N ( e E T 2 C )  
- - - - -  - - - - - --- -- - -- -- 
1 0 8 0 0 4 2 0  
I S N  0 0 2 0  c-EZC = C O S ( A F T 2 c )  1 0 8 0 0 4 3 0  - - . - 
I S N  0 0 2 1  T R 2 C  = S B Z C / C E 2 C  
- - -  - --- - . - - 
1 0 8 0 0 4 4 0  
I S N  0 0 2 2  S G l C  = SIN(GAMIC) - 1 0 8 3 0 4 5 6  
I S N  0 0 2 3  C G l C  = C D S ( G A M 1 C )  
- - - - - - - 
1 0 8 0 0 4 6 0  
I S N  0 0 2 4  S G 2 C  = S I N ( G A Y 2 C )  1 0 8 0 0 4 7 0 -  
I S N  0 0 2 5  C G 2 C  = C O S ( G A M 2 C )  1 0 8 0 0 4 1 0  
I S N  0 0 7 6  $ 3 1 C  = S I N ( S E T l C 1  1 0 8 0 0 4 9 0  
I S N  0 0 2 7  C R l C  = C O S ( S E T ? C )  I O A 0 0 5 0 0  
I S N  0 0 2 8  T R l C  = S B l C / C R l C  1 0 8 0 0 5 1 0  
I S &  0 0 2 0  S G A M l C  = S G l C  1 0 8 0 0 5 2 0  
I S N  0 0 3 0  SGAM2C = SG2C 1 0 8 0 0 5 3 0  
I S &  0 0 3 1  C G A M l C  = C G l C  1 0 8 0 0 5 4 0  




















J U I  

-- 
PAGE 0 0 4  
I S N  0 1 1 9  F L 4 )  = - A ( l r 2 ) *  I X ( E 3 * P I . Q  - C F H U  -+ C P b I  Witel 2 --- - _ _ _  i 
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- - - - - ---F -_----- - - -ea91m--- - - -- - -- -- ---- -- , 
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- -  - ----- - -. -- -- 10@21_7_80_ _ _ - 
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4' 
&I, I SM -0143. - - -- ____---- R E T U R N  1 0 8 0 2 0 0 0  
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isk- 0-06i - - -- ----- -- ' ^I' .- --- -- -I--- - -------I- I---- -- - -- --- -- 
F U N C T I O N  S C A p R C X e Y  . S U Y . L . I X . I Y  I L l O O O O l O  
I S N  0003 REAL*8 X (  1 X . I  ) . Y f  1-Y.-1) __--_ 
- - - - - - - - 
1 1 0 0 0 0 2 0  
- - - - - - - - -- -- -- -- - -- - - - -- -- -- -- - - - - - - - - -- - -- --- ? 
I S N  0002 - 9EAL*8  SUM* SCAPR- 1 1  000030 
XSN O-!?b5.. . - I F  -- (L -- - - E Q *  - . - . -. O! t O _ _ T t l 1 0 _ -  _ _ _  ---- -- - -- -- - . - . - - - - - - - -- - 1 1  000040 
I S N  0007 00 1 0 0  J = l r L  1 1  000050 
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- . - -- . -. -- - - - - - - - - - -- - . - - - -- - - - - - -- - - - . - - - - -- - -- -- - - 
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1 5 N  0 0 5 9  240 DO 2 5 0  M=I.NPl 1 0 6 0 0 5 9 0  
LSN 0060. .A(C*M)=A(J,kL!+AiIx!t) . - _ _ - _ _  - 1 P 6 - W  _- - - - - - - 
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XSN 00- G3-TO 29Q-_- - - _- - --I - --- -_ - --- - -- - - -- -106M_62Q_ _ _- -- - . -  
I S N  0063  260 I F ( A ( J v 1 ) ) 2 7 0 . 2 S C * 2 7 C  10600630  
- J S N- OP94 -- - - - -219 - E 9 Z - % b U - -  -- - --------- - - L ! 2 5 0 0 6 4 0  - _ __. -- __.. - 
I S N  0065  D O  280 M = l r N P l  1 0 6 0 0 6 5 0  
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I S N  00-68 300 -  J.=J+l -. 
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I S N  0 0 7 7  3 9 0  DO 400  J = l r N  1 0 6 0 0 7 7 0  
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Cc 
Q1 
I S N  0086. - J =M 
- -- - - - - -- - -- 
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t 0 6 0 0 8 8 0  
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53% t.31 I S N  0.099 -_ -_ - - - -- . - -- - -- - - - - - -- -- -- - - - - . - --- 10f500960 -. - -- - .- - - - - . .- - - -- -- - 
I SN 0097  540  I=ISTEP(M) - 1 0 6  00970  
I F <  I -M)550.570r 450 
_ _ E N -  009L -_-- - --- -- - - - 1 0 6 0 0 9 8 0  . - 
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I S N  0110 
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ISN__O 124 F ( 5 )  = - ( - F 2  E C . A T Y * D l Z * S D T F * X ( L o  &XNORW*X( f - )  & A I T G F h f t - T H T / X K _ U )  AFY 
1 ir OUP 4FX 
C 
- - 
I S N  0125  F ( f  ) = A ( 3 ,  l)tn12*(SLM5 - S D ~ F * X ( ~ )  ) - P T l + T / ( ~ 7 + 4 - ( 1 ; 2 )  
- - - - - -- c- - - . . - - - . . - 
I S N  0 1 2 7  A R G F ~ =  -GA I ~ * D ~ ~ . ~ s L ~ J E - ( T ~  /~2-~+AITREN*HPSI/XKP ; - x N c ~ ~ M * X ( O )  
I S N  0 1 2 3  I F (  A 9 S ( A P G F P ) . L E . F 2 L I Y )  F 2  = A R G F Q  
1 S N  0 1 3 0  I F ( A R G F 9 . G T . F 2 L I F . o  F 2  = F 2 L I W  
- 
- * 
I S N  09.31 I F( a= T zlL2& I!! )- !%=--F2L! '5- ---- -- 
-- - - - -- - . - - -- -- - - . - - - -- - -- - 
I S Y  0 1 3 4  F { R )  = - ( - F ? & G A I N f  0 1 2 * S D I F * X ( ? )  E XNORW*X(?)  E A I T R E N * H P S I / X K M ) * P U P  
C 
- - - - . - . - - - . - 
I S N  0135 F ( 3  ) =  - A ( 3 *  1 ) * 0 1 ? * ( S U M b + S D I F * X ~ 7 ~  ) - H P S I / ( T Z * A ( ;  - 2 )  1 





- . - - - 
I S N  0 1 3 6  I F 1  JSWaGT.O)GO TO E C 2  
IS? 0 1 3 8  
- -- 
6 0 2  C f l N T I N U E  - 
- -- - - - -- - - 
C /- 
a"-* -. - -c-. . - - --- - - - - - - - - L 
.? ". - ... 
Shy # II c * *** *s: e*<%Y* &>*6 GG*T*G*.pTo* *iiG *-*&*> ~*4+*t*.VFFiG**+ + *gr GG<*G+-s: G 
I S N  0139 - R E T U R N  - -- - - - - 
-- ,. - 
I S N  0 1 4 0  E N D  
C-l 
- - -  - - -  






^ i e v F ~  2 FER 67 o s / - i ~ n  FI~RTPAN H D A T F  69.192/10.5s.a6 
- - . . 
C O W ' I L C ?  : I P T I 0 ? - 1 s  - Y A * A C =  t u 4  I h r ' 3 P T = 0 ? r L I N ~ I C h T = 5 5 r  S C U Q C C t  r C D r C I S T  . N t ) D C C K . L O A D . Y A P . N r ? E D I T .  IO 
- - --- - - - - - - -- -- - - - -- - -. -- - - - - - - -- --- - - 
- - - - - - -- - - - - - -- - 
I S N  0002 - SUPGUT INF ~ ~ C I X N O  ( ~ i  , ~ 2 )  
- ISN 0003 T 1  = _ S O R T ( - 2 . O  t A L C G ( R D M  (DUML)?  - -  - 
I S N  0004 T 2  = G.283lR53 * R D H  ( D U M )  
I S N  0005 R 1 =  T l f C o S ( T 2 l  _ _  _- 
C 
-- - .  ---- - -  
- - -- 
I S N  0006 M 2  = T 1  * S I N ( T 2 )  
I S N  0007 t7ETURN 
-- - -- -- - - - - - -- - -- -- - -  . - -  -- - - -  - 
1'SN 0008 E N D  

o o o o o o o o o o o o o o o o o  
. . r l d d C d , 4 . 4 r l . . l d l . . * e C M  
O O O O O O O O Q O O O O O O O O  
d * d ~ ~ - . . , - i c . - . 4 ' 4 i d d -  
* 0 - -  
* l l l U . U .  
r c + r -  
a u o o  
" N l l l l l l  
* o * *  
I - U N N  
I * d d  
- -. I a I) 
Y e  - 6 , - z z a u  + a '  I Y ~ U ~ U  o r 
0" -. r r ,a 
. U Y m Y Y t Y a  t u  
C C I - + - N \  ~ X ~ X ~ O ~ C ~ O Y  UI 
O O O O E  r I Z - r E - a - - - v I r v \ * O Y \ X  1 
Q  o - 4  v a a v ~ u u u u u ~ + \ \ - z \ ~ ~ ~  -l 
a * * * -  0 J  r J C  > J n - N N d -  - - M Y - X W P  
N x q x w W X Z X Z S C Z - Z Z - X W I ~ Y  n 
. U U U U I  S O *  o o * -  J Q W O I  ~ ~ Q ~ ~ ~ W W U W W X ~ ~ Y X X  V) 
0 - N - N  ~ ( L L - o ~  . a .  0 0 -  Q X  - ~ - ~ m n - o o ~ ~ w m u ~ a a + * x x  + o a 
w r r t ~ u  - C  o ~ W M W  - - 0 .  - O - W - ~ - L - O C ~ - - + I C + - - .  (n nl . . a  
N 1 - r q : a W u 1 d u 3 -  II d 4 O d  . O l l l ~ I I  li J.4 II d I I L n Z ~ Z l l l Z ~ l l l ~ r ~ ~ I - - - Q o  W L .  . > o n  
I II 11 II 11 O > I I  - 0 1 1  II u ~ - o - o - a + a < ~ - m ~ m - -  O N  
. +# 
' I J n n * - m z  
a a z r - -  o I . . I I I ~ M . - -  u - u - r l l l U V ) U V )  N I X X ~ ~ ~ X O  6 0  n < 
~ ~ I I I I I I I I ~  n - - - - - * r  - ~ I I  - - s  - . A - - -  x x x  I I O  I I I I I I I I  11 
~ ~ ~ N ~ ~ u I I u Y U i ~ O r O  O u O v u I I  II II II II D  I I -  v Il II II It II Y 
11 11 u u v u  N 11 11 o a o - o w  - m - a ~ a o - n a 4 a u  11 - II 11 11 11 m i l  P Z E O  m 
N N  L N ~ N S N X - z z o  e x @ - ~ C ~ > C U U U U U  \ ~ I I C I I U X ~  n u - u - - - z >  
N ~ Z E ~ C U N W  w - z - a - a  Q  - w ~ - + ~ N N - w - w u - ~ L - I - ~ - ~ J ~ ~ > J J J > > -  
- C ~ : ~ U W - - O ~ I O I J J V J ~ U  ~ J Q X ~ I O T X W W U W ~ ~  m m s a ~ ~ m n z 1 ~ n a 3 ~ r ~ 1 - z ~  
~ ~ o ~ ~ n n ~ ~ t o a ~ o a ~ ~ ~ x ~ c i  o x o ~ o t o n m m u m u ~ - x  ~ n > c > a ~ > z ~ ~ r x i i - ~ o a -  
Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z  Z Z Z Z Z Z Z Z t Z Z Z Z Z Z  Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z  
~ n n m m m ~ m n m w m m m f f l m m m m m  m n u i m m m m m m d m m m m m  m m m m n m m m m m m m w ~ n m m ~ n ~ m  
- ' ~ ~ 1 U 1 1 1 ~ 3 " - . . l . . - ~ - ~  - I " - L . . I I P - I - I . + I  - U - u . - , ~ . 4 . . . . - l . . l l l . . - l l  
I S N  0 1 0 9  NCUE = 1 
I S N  0 1 1 0  LAY=O 
I S N  0 1 1 1  CALL AFX( JSW) 
I S N  0 1 1 2  3 CALL QGEN(THETA.PHIV.XLAM) 
I S N  0 1 1 3  CALL PEAIQ(KEEP)  
I S N  0 1 1 4  KEEP = 1 
C 
I S N  0 1 1 5  DO 7 0 3  I = 1 . 6  
I S N  0 1 1 6  00 7 0 3  Jz1 .6  
I S N  0 1 1 7  A B C ( I t J ) = P M ( I . J )  
I S N  0 1 1 8  7 0 3  P H M ( I * J ) = P M ( I . J )  
I S N  0 1 1 9  CALL OEIGN(ABC.8.C) 
I S N  0 1 2 0  D O  6 I = 1 . 6  
LSN 0 1 2 1  6 R H V ( I )  = 0.0 
I S N  0 1 2 2  D t T  = 1.0 
I S N  0 1 2 3  KDET= I M E U D ( ~ ~ ~ . ~ * P H M I R H V . D E T ~ S L U F J  
I S N  0 1 2 4  W R I T E ( 6 r 9 0 6 l ) N C U E * D E T  
I S N  0 1 2 5  PO61 FURMAT(' NCUE='.I,S 'OET-P= * . E 1 4 r 7  ) 
C NEGATIVE EIGENVALUE ABORT 
I S N  0 1 2 6  DO 2 1  I = l r 6  
I S N  0 1 2 7  2 1  IF(B(I).LT.O.O)GO TO 2 2  
I S N  0 1 2 9  VMIN = VMINI  
I S N  0 1 3 0  CALL DSRCH(VMINID*CI JSUE) 
I S N  0 1 3 1  3 9 9 6  FORMAT( JSUE=' * I S / / )  
I S N  0 1 3 2  VL= VM I N  
I S N  0 1 3 3  P= DLOGlO(VOL)/20.  
--1-?0-13?--. - 5 8 0  FORMAT( P =*rEl4 .7r20X. 'PSR=* .E14.7 / / )  
I S N  0 1 3 5  WRITE(6.580) PePSR 
I S N  0 1 3 6  BUNCH(NCUE.1) = T 
I S N  0 1 3 7  JUNCH(NCUE * 2 ) =  V L  
* I S N  0 1 3 8  BUNCN(NCUE 1 3 j =  V C L  
I S N  0 1 3 9  tlUNCH(NCUE 1 4 ) =  DET 
I S N  0 1 4 0  BUNCH(NCUE*5)= P . 
I S N  0 1 4 1  B U N C H ( N C U E P ~ ) =  D I V I  
I S N  0 1 4 2  IF(NCUE.EQ.NXCUE) GO TO 999 
I S N  0 1 4 4  NCUE = NCUE + 1 
I S N  0 1 4 5  IF(NUKEY.NE.0) GO TO 4 
I S N  0 1 4 7  PSR = P 
I S N  0 1 4 8  VSR = VOL 
I S N  0 1 4 9  W H I T E ( 6 * 5 7 0 )  PSR 
I S N  0 1 5 0  5 7 0  FORMAT( ' P-STAR = * .E14.7/) 
I S N  0 1 5 1  8 S I G 2  = DLOGlO(PSRJ 
I S N  0 1 5 2  WRITE(6.2503) S I G 2  
I S N  0 1 5 3  2 5 0 3  FOHMAT( * SIGMA-SCUARED = *.E14.7//) 
I S N  0 1 5 4  2 2  G O  9 I = 1 . 2 1  
I S N  0 1 5 5  H X (  I )  = HDMtGUM) 
I S N  0 1 5 6  XLUV = -I.+ 2 r + R X ( I )  
I S N  0 1 5 7  IF(XLUV.LE.O.0) GO TO 3 4 1 5  
I S N  0 1 5 9  NUTU( I )  = 1 
I S N  0 1 6 0  GU TO 9 
I S N  0 1 0 1  3 4 1 2  NUTU(1)  = - I  
I S N  0 1 6 2  Y D b ( I 1  = D E X P ( - R X ( I ) * * 2 / S I G 2 )  * NUTU(1)  
C nRiTE(6.560)(DU(I).I=I.21) 
I S N  0 1 6 3  5 6 0  FORMAT( ' DU = / / (1X,9€13.6 / ) )  
I S N  0 1 6 4  SO5 CbNTINUE 
I 5 F c  0 1 6 5  MLVE = MOVE + 1 
PAGE 0 0 3  
13 > I -  > . u - + 4  3 "  
' 3 -  8- cr 0 v r r r f J J . l  
0 -  0 U 0 N 3 3 3 -  J U  
- r . -  w - n  w O 0 0 -  + X "  
Z 3 2  - - 0  . >  . c. 3 
n In N e -  . * * * 3  - 9 0  
Z L O  N J >  a 2  n - t  
= 0 ) -  L L M I ~  - J *  
. . *  r 2 0 -  r n r  > - o - ~ u r r  X .  
U I ~ U  + . z + m  - ~ J - J - J O U J W  vt 
1 7 ~ ~ n  J O W X -  o m  - r r ~ r o -  - a  
r . .  . o J  e n  . w  ! ? 2 j : t - I - - a c n - I I - o  
3 0  c . N  0 * W  II II 11 r I I  - 
W W  - N W  11 ~ 1 0 3 u - I I - I I - I l W - - U I I  
> > I I I I >  > I !  I l > " Z t  - u z  
U O  - 0 0  0 - W * a O - N - . * - W O " M -  
Z T ~ W O C Z ~ W W O I - ~ Z ~ * H - - - C N U X . ~  
r r > > -  r > > > u - Z i z  " " u r  Z r r  
U L - ~ ~ L J L - - O L ~ O O O ~ ~ ~ ~ ~ Z O ~ ~ L ~  
" - 3 z ~ 0 m a a ~ - ~ U L O ~ n a O O ' 3 L O X ~ a  
- 
a o -  - 
- o a  -4 
r C( N 
3 9 "  . O  
0 - 3 -  .-In 
a o a  II + .  - - 0  
t l "  *I- 
3 - Z i - o  - 0  - 
w e . .  r e  0, 
a - W *  3 - 
> - >  0 - 4 
r r - I n  " 0  0 t 
I > I  * - .  0 0 .  W  
a - n o  0 1 - m o  e m  e o o r  
10 1 . 0  ' 0 1 1  .t- 
- - II a II , " ?20  11 u, It - 0  d 
N W d  c. I I N W - I - 1 1 1 1 - 1 1 - 3 l l l l  
L o 3 1 1  + e m -  a 3 a - - - - - - . . - - l l m  
Z r  w m r -  Z - Y  r r  r - d m  
O " O o " < u a O ~ W - - " < N Q u " " > o  
t C e - > O > - C ~ t Y t - > C b t C > > w I -  
Z ! I * - - -  2 - -  - W  W W - - <  
0 0 0 a s L x 3 ~ Q E L L O I I 3 r X E I 3 ~  
o U a - - a - a n 0 u P - a a t - O c c a a Z s  
Z Z Z Z Z Z Z Z Z Z Z  Z Z Z Z Z Z Z Z  Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z  Z Z Z Z Z Z Z Z Z Z Z  
m a u l m ' 4 m m m L O m m  m m v t m m m m m  m m m m m m m m m v t m m m m m m m m m m m a m  L Q m L Q m L Q m m m m m f i  
III-MIIU~UI - ? l l - d u - -  I Y W ~ U ~ I W ~ I I W I I Y I U ~ M ~ ~ I M  - + - w - r t - z - - 4 - - - -  
ISN  0 2 2 9  
I S N  0 2 3 1  
I S N  0 2 3 3  
I S N  0 2 3 4  
I S N  0 2 3 5  
I S N  0 2 3 6  
I S N  0 2 3 7  
I S N  0 2 3 8  
I S N  0 2 3 9  
ISN  0 2 4 0  
I S N  0 2 4 1  
I S N  0 2 4 2  
I S N  0 2 4 3  
I S N  0 2 4 4  
I S N  0 2 4 5  
I S N  0 2 4 6  
I S N  0 2 4 7  
I S N  0 2 4 8  
ISN  0 2 4 9  
I S N  0 2 5 0  
I S N  0251 
I S N  0 2 5 2  
I S N  0 2 5 3  
I S N  0 2 5 4  
I S N  0 2 5 5  
I S N  0 2 5 6  
- ---- 
I S N  0 2 5 7  
LSN 0 2 5 8  
I S N  0 2 5 9  
u I S N  0 2 6 0  
I S N  0 2 6 1  
I SN_- 02P2- 
I S N  0 2 6 3  
I S N  0 2 6 4  
I S N  $ 2 6 5  
I S N  0 2 6 6  _ 
I S N  0 2 6 7  
I S N  0 2 6 8  
I S N  0-262 
I S N  0 2 7 0  
I S N  0 2 7 1  
ISN  0 2 7 2  
I S N  0 2 7 3  
I S N  0 2 7 4  
I S N  0 2 7 5  
I S N  0 2 7 6  
I S N  0 2 7 7  
1SN 0 2 7 8  
I S N  0 2 7 9  
I S N  0 2 8 0  
I S N  0 2 8 1  
I S N  0 2 8 2  
ISN 0 2 8 3  
I S N  0 2 8 4  
ISN  0 2 8 5  
PAGE 0 0 5  
4 IF(P.LT.PSR) GO TO 3 0 0  
IF(LMIN.EO.0) GO TO 3 0 5  
L M I N  = 0 
LAY= 0 
CALL CLOCK 
C10 TO 8 
3 0 5  DO e 4 0  I=1.6 
8 4 0  DU( I 1  =-DU( I) * I.* D I V I  / XLL IM  
DO 8 5 0  1=7*16  
€ 5 0  O U ( I J  =-DU(1) * I.* D I V I  / THLIM 
DO 8 6 0  1=17.21 
8 6 0  D U ( I )  = -DU( I )  * I-* D I V I  / PHLIM 
L M I N  = I 
CALL CLOCK 
GO TO 9 0 5  
3 0 0  PSR = P 
LAY = LAY+1 
VSR = VOL 
MOVE = 0 
D I V I  = D I V I O  
&!IN =- !  - .  
WHITE(6.100) VLeVCL 
1 0 0  FORMAT(1H /1X. 1 6 b  LIAPUNOV FCT = E14.7 r /  
1 1X123H INVERSE VOL ESTIMATE = E 1 4 - 7 * /  
WRITE(6.93) ( (  Q ( I . J )+J= l .N ) . I = I *N )  
93 FORMAT(1H /lX.?ti Q ( I r J ) / ( l X . 6 E 1 4 ~ 7 ~ J  
W R I I E ( _ 6 - s l l ) ( ( P M ( I  r J )  .J=l.6).1=1.6) 
- --- - 
11 FURMAT('0 PM ' / ( lP6E18 -7 ) )  
1 0 2 0  UHITE(6*1030)(B(I).I=1.6) 
1 0 3 0  FOHMAT( l 3H l  EIGENVALUES//( IP6E20.7))  
W H I T E ( ~ ~ ~ O O ) ( ( C ( I . J ) ~ J = ~ ~ ~ J S I = ~ ~ ~ )  
7 0 0  FORMAT(13H EIGENVECTORS/(6E12-4)) 
*IT-E(6.?200) (FZER.O( I).I=~.~-).(xzERO(J).J=I.~)_ 
i23-0 FORMAT( LOH FZERO(I)=.6E12.4/10H XZEROt I )=.6E12-4) 
WRITE(6.1201~NNZEFOtVDOTZsVMIN 
1 2 0 1  FORMAT( 8H NNZERO=* E5/12H VOOTZ.VMIN=r2E14.7) 
DO 3 1 0  1 ~ 1 . 6  
EX(I) = D L O G ( X L A M ( ~ ) )  
310  XLAMP(1) -= XLAM(1) 
DO 3 2 0  I=1.10 
3 2 0  THETPCIJ = THETA(1) 
DO 3 3 0  I=1.5 
3 3 0  PH IVP(1 )  = P H I V ( 1 )  
~ R I T E ~ ~ ~ ~ ~ ~ ) ( X L A M P ( I ) ~ I ~ ~ ~ ~ ~ ~ ~ T ~ E T P ~ I ~ ~ I ~ ~ ~ ~ O ~ ~ ~ P H I V P ~ I ~ ~ I ~ ~ ~ ~ ~  
5 5 0  FURMAT ( * XLAM-PRIME . THETA-PRI ME PHI-PRIME* / /(  1 X * 9 € 1 3 . 6 / )  
00 8 1 0  1 ~ 1 . 6  
810  DU(1 )  = ( 2 . * * ( L A Y - I ) ) * D U ( I )  * D I V I  /XLL IM  
DO 8 2 0  I Z 7 . 1 6  
8 2 0  D U ( I )  = ( 2 . * * ( L A Y - - l ) ) * D U ( I )  * D I V I  /THLIM 
DO 8 3 0  I = 1 7 r 2 1  
e 3 0  D U ( I )  = (2 . * * ( LAY- - l J ) *DU( I )  * D I V I  /PHLIM 
CALL CLOCK 
GO TO 9 0 5  
999 CALL RDMOUT(DUM) 
NRITE(6 .715)  DUM 
7 1 5  FORMAT(1HO L8) 
ISN 0286 
ISN 0287 






bC TO 102 
1 U O O  CUNTINUE 
1RiTEi6~8600J 
8600 F U R M A T ( 1 8 X ~ ' T t M E g ~ 1 2 X ~ ~ L I A P U N O V  FCTqr9X.*INVERSE 
~ ~ I ~ X I ' P E R F O R M A N C E *  .12X.'DIVIS0Re * / / / I  




N w +  t n q 2 h m c  o c ~ n e a a r - n  o ~ ~ / m r n r t - r n c - c ~ r ~ ~ m r c  s ~ o - t u  m c u ~ r t - a  o o - r  * 
v o u  O O O O O - ~ ~ ~ ~ + - + + + - ~  N N N . ~ ~ N N I U N F ~ I ~ J ~ ~ ~ ) ~ ~  I u = + e o e $  1 u i u , u ~ ~ ,  I I I  
0 0 0  O U O O O 0 O O O O O O O O O  ~ O Q ' O O C ~ V O O O O O O @  0 0 0 0 0  O O O O b C O O G ~ 3  C 
o o o  O O C O O O ~ O O O O O O O O  O D O ~ O C ~ O O O ~ ~ G O ~  u o o c o o o o o c ~ o c c n s c .  c 
w 
r r  n 
a - -  I -m 
r r U X L O O  
II z a  
U I I I I  > I 0  
- - 11 
o u r  I I Z I I  
O " " 0  I- 0 
d 0 0 E N 4 W  ll 
. = . E a U I I - r 4  
U ! W N O I ) I  J S  
0 N N Z C O L L d  
C L L X Z > i L - Y  
lil I- a  
o a a  
. n z 
J 
J I I  0 C  
> s I-' 
L E V E L  2 F E d  b7 O W 3 6 0  FORTRAN H DATE 69 .167 /22 .00 .44  
CUMPI  LEH O P T l O N S  - &AYE= B M A I N 1 O P T = 0 2 ~ L I N E C N T = 5 6 ~ S O U R C E ~ B C D ~ L I S T ~ O E C K ~ L O A D ~ M A P ~ N O E D I T *  I D  
I S N  0 0 0 2  
I S N  0 0 0 3  
I S N  0 0 0 4  
I S N  0 0 0 5  
I S N  0 0 0 6  
I S N  0 0 0 7  
I S N  0 0 0 8  
I S N  0 0 0 9  
I S N  0 0 1 0  
I S N  0 0 1 1  
I S N  0 0 1 2  
..1SN 0013 
I S N  0 0 1 4  
[ S N  0 0 1 5  
I S N  0 0 1 6  
I S N  0 0 1 7  
I S N  0_01& 
I S N  0 0 1 9  
I S N  0 0 2 0  
I S N  0 0 2 1  2 I S N  0 0 2 2  
* I S N 0 0 2 3  
I S N  0 0 3 4  
I S N  0 0 2 5  
I S N  0 0 2 6  
I S N  0 0 2 7  
I S N  0 0 2 8  
I S N  0 0 2 9  
L S N  0 0 3 0  
I S N  0 0 3 1  
I S N  0 0 3 2  
I S N  0 0 3 3  
I S N  0 0 3 4  
1 S N  0 0 3 5  
LSN 0 0 3 6  
I S N  0 0 3 7  
L S N  0 0 3 8  
I S N  0 0 3 9  
I S N  0 0 4 0  
I S N  0 0 4 1  
I S N  0 0 4 2  
I S N  0 0 4 3  
I S N  0 0 4 4  
I S N  0 0 4 5  
F U h C T I O N  IMEQD(MIO*MrN.A.Y.D~SCALE) 1 0 8 0 0 0 1  0 
C T H I S  FORTRAN 4 PROGRAM SOLVES A X  = Y B Y  T R I A N G U L A R  DECOMPOSITION.  1 O R 0 0 0 2 0  
C THE ARGUMENTS H A V E  T h E  SAME MEANING AS THOSE OF XSIMEO. 1 0 8 0 0 0 3 0  
R E A L * 8  DOTPR 1 0 8 0 0 0 4 0  
DOUBLE P R E C I S I O N  SUM*A.Y.SCALE.D 1 0 8 0 0 0 5 0  
D I M E N S I O N  A (MID .1  ) ~ Y ( M I D I ~ )  .SCALE(I) 1 0 8 0 0 0 6 0  
CUMMON / I N F O /  SLM*NUMBER.INCRe I N C C  1 0 8 0 0 0 7 0  
I N T E G E R  S P I L L  1 0 8 0 0 0 8 0  
C SET OVERFLOW I N D I C A T O R .  1 0 8 0 0 0 9 0  
C TAMPER O V E R R I D E S  STANDARD H A N D L I N G  OF S P I L L  I N T E R U P T I O N S .  I T S  ARGU- 1 0 8 0 0 1 1 0  
C MENT I S  SET TO ZERO AND THEREAFTER T k E  VALUES 0.1 e 2 s  3 I N D I C A T E  NO 1 0 8 0 0 1 2 0  
C S P I L L .  UNDERFLOW ONLY. OVERFLOW CNLY . AVO BOTH*  R E S P E C T I V E L Y -  1 0 8 0 0  1 3 0  
LNCR = M I D  1 0 8 0 0 1 4 0  
I N C C  = 1 1 0 8 0 0 t 5 0  
DO 1 2 0  I = 1 r M  1 0 8 0 0 1 6 0  
X = 0. 1 0 8 0 0 1 7 0  , 
DO 1 0 0  J = 1 .M 1 0 8 0 0 1 8 0  
-. - . .- G E T 2  - = A B S C A ( I s J ) )  1 0 8 0 0 1  90 
1 0 0  X = AMAX l (X .GETZ)  1 0 8 0 0 2 0 0  
I F  ( X J  1 0 5 . 4 9 0 r 1 0 5  1 0 8 0 0 2 1 0  
1 0 5  X = POW16(X )  1 0 8 0 0 2 2 0  
C_ P O U 1 6 ( X )  I S  THE POWER O F  1 6  N E X T  LARGER THAN A E S t X )  1 0 8 0 0 2 3 0  
D = D * X  1 0 8 0 0 2 4 0  
- -- -- - - X = I . /  x_ - 1 0 8 0 0 2 5 0  
DO 110 J = I S M  1 0 8 0 0 2 6 0  
1 1 0  A ( 1 . J )  = A ( 1 . J )  * X 1 0 8 0 0 2 7 0  
DO 1 2 0  J = 1.N X U 8 0 0 2 8 0  
1 2 0  Y ( 1 . J )  = Y ( 1 . J )  * X 1 0 8 0 0 2 9 0  
DO 1 4 0  J = 1.M 1 0 8 0 0 3 0 0  
X = 0. 1 0 8 0 0 3 1 0  
DO 1 3 0  I = 1.M 1 0 8 0 0 3 2 0  
b O T Z  = A B S ( A ( 1 . J ) )  1 0 8 0 0 3 3 0  
1 3 0  X = A M A X l (  X.GOTZ) 1 0 8 0 0 3 4 0  
I F  ( X )  1 3 5 ~ 4 9 0 r 1 3 5  1 0 8 0 0 3 5 0  
1 3 5  X = P O W 1 6 ( X )  1 0 8 0 0 3 6 0  
D = D * X  1 0 8 0 0 3 7 0  
SCALE(  J )  = X 1 0 8 0 0 3 8 0  
x =  l./ X 1 0 8 0 0 3 9 0  
DO 1 4 0  I = l r M  1 0 8 0 0 4 0 0  
1 4 0  A 1 I . J )  = A ( L . J )  * X 1 0 8 0 0 4 1  0 
C MAJOR LOOP. T R I A N G U L A R  D E C O M P O S I T I O N  W I T H  DIP. ACCUM OF I N N E R  PRODUCTS 1 0 9 0 0 4 2 0  
D S  3 1 0  K = 1 ,M 1 0 8 0 0 4 3 0  
K l = K - 1  1 0 8 0 0 4 4 0  
1 5 0  NUMBER = K 1  1 0 8 0 0 4 5 0  
X = 0. 1 0 8 0 0 4 6 0  
L = K  1 0 8 0 0 4 7 0  
DIJ 1 8 0  I = K I M  1 0 8 0 0 4 R O  
SUM = A (  1.K)  1 0 8 0 0 4 9 0  
A (  1.K) = DCJTPH<A( 1 .1)  . A ( l  * K ) )  1 0 8 0 0 5 0 0  
C + X (NUMBER) *Y (NUMBER)  WHERE X AND Y H A V E  THE STORAGE INCREMENTS 1 0 8 0 0 5 1 0  
C D U T P d ( X * Y )  G I V E S  THE (0.P- ACCUMULATED) VALUE SUM + X ( 1  ) + Y f l )  + r e .  I 0 8 0 0 5 2 0  
L I N C k  AND INCC. OOTPR U S E S  COMMON AREA I N F O  1 0 8 0 0 5 3 0  
163 IF ( X  - A O S ~ S U M ) )  170 .1e0 .180  1 0 8 0 0 5 0 0  
170 X = A d S ( S U Y )  1 0 8 0 0 5 5 0  
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d;1 d c t a m m v r m m a m m a a u o a ~ a ' a ~  a I r - r - r - r - r - t - r - c r - t - m m m m l o  m s a a a  
0 3  O 3 O O O O O O O O O O O O O O O O O O  0 0  ~ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  0 3 0 0 3  
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L E V E L  2 F E E  67 0 5 / 3 6 0  FORTRAN H D A T E  69 .167 /22 .00 .53  
COMPILER U P T I U N S  - NAME= $ M A I N ~ O P T ~ 0 2 ~ L I N E C N T = 5 6 ~ S U U R C E ~ B C D ~ L I S T ~ O E C K ~ L O A D ~ M A P ~ N O E D I T ~ I O  
I S N  0 0 0 2  
I S N  0 0 0 3  
I S N  0 0 0 4  
I S N  0 0 0 5  
I S N  0 0 0 6  
I S N  0 0 0 7  
I S N  0 0 0 8  
I S N  0 0 0 9  
I S N  0 0 1 0  
I S N  0 0 1 1  
I S N  0 0 1 2  
S b B R O U T I N E  CLOCK 
COMMON/GEORGE/ INIT 
COMMON/ B L K 6 R / T  
D A T A  1 / 1 1  
C A L L  CLOCKS(NEW) 
T = FLOAT(NEW - I N I T )  * .01  
W H I T E  ( 6 . 1 )  T  
1 FURMAT(  * O s  . 9 0 X * * C L O C K  T I M E *  . F l 6 . 2 ~ 5 X . ' S E C O N D S *  




1 0 2 0 0 0 2 0  
CLOCK 
CLOCK 
I 0 2 0 0 0 4 0  
1 0 2 0 0 0 5 0  
1 0 2 0 0 0 6 0  
1 0 2 0 0 0 7 0  
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L E V E L  ? F E E  6 7  O S / 3 6 0  F O R T R A N  H D A T E  6 9 . 1 6 3 / 1  1 e 5 5 . 8 7  
C O M P I L F R  O P T I O N S  - N A M E =  S M A I N . O P T = ~ ~ S L I N E C N T = ~ ~ ~ S W R C E ~  B C D ~ L I S T * D E W (  L O A D P N E T  ID 
I S N  0002 
I S N  0 0 0 3  
I S N  0 3 0 4  
I S N  0 0 0 5  
I S N  0 0 0 6  
I S N  0 0 0 7  
I S N  0008 
I S N  0 0 0 9  
I S N  OOXO 
I S N  O C l l  
I S N  0 0 1 2  
5 I S N O 0 1 4  
m 
I S N  0 0 1 5  
I S N  0 0 1 6  
I S N  0 0 1 7  
I S N  00x8  
I S N  0019 
I S N  00 2 0  
I S N  0 0 2 1  
I S N  0 0 2 2  
I S N  0 0  2 3  
I S N  0024 
I S N  00 25 
I S N  0 3 2 6  
ISY o n 2 7  
I S N  00 2 8  
I S N  00 2 9  
I S V  0 9 3 0  
I S Y  0'3 31 
I S N  0 0  3 2  
I S N  00 33 
S W Q O U T I N E  A F X (  JSW)  
I M P L I C I T  R E A L * 8  (A-H.0-Z) 
C  .................................................................. 
COMMON / B L K I /  P H I  .VPHIIWPHI.THT~VTHT.WTHT~PSI~VPSI~UPSI 
COMMON / B L K 2 /  T M a T I  . T 2 . X K M * X K C . A 1 1  . A ~ ~ . D ~ ~ . A I T R E N I F ~ L I M  
COMMON / B L K 3 /  G A M I C  v G A M 2 C  * B E T 1  C  . B E T 2 C  
COMMON / B L K 4 /  H P H T  . H T H T . H P S I  
C O M M O N / B L K S / A ( 6 . 6 )  e Q ( 6 . 6 )  . ~ ~ ( 6 * 6 )  s F ( 6 ) * D F ( 6 * 6 )  
COMMON/BLK 11 / O B I  .DB2 .OGf ,062 
C O M M O N / B L K 7 7 / X ( 1 5 )  
C O M M O N / B L K 7 8 / X l E  r X 3 E . X 5 E  
L 
IF(  JSW.GT.O)GO T O  312 
C  ( T R A C K E R S  3-4 ( A M E S  1 - 2 1  1 
C -
C  E Q U A T I O N S  A R E  I N  T H E  F O R M  X-DOT = A  X  + F ( X !  
- 
C -
C  WHERE X  I S  A  S I X  C O M P O N E N T  C O L U M N  V E C T O R  AS I S  F ( X )  
c 
C AND A  I S  6x6 M A T R I X  
C 
C  X-VECTOR IS(PHI.VPHI.THT.VTHT.PSI*VPSI) 
r 
W R I T E (  6 9 1 0 7 0 ) P H I  , V P H I  * T H T . V T H T * P S I  t V P S I  .TM.Tl .T29 
1 XKM.XKC.Al1 ~ A ~ ~ . D L ~ o G A M ~ C ~ G A M ~ C ~ ~ E T ~ C ~ B E T ~ C ~ A I T R € N ~ H T H T ~  H P H I s H P S I  
1 0 7 0  F O R M A T ( 1 H  / l O X . 1 4 H  I N I T l A L  S T A T E  / 6 E 1 3 . 6  / P O X * 1 3 H  I N P U T  C O N S T S /  
l 1 O X t  2 9 H  T M v T 1  r T 2 . X K M . X K C . A I I  * A X 3 * D $ 2  / 8 E 1 4 . 7  / I O X .  30-H GAMIC.GA 
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3 1 7 H  Y T H T l H P H I  . H P S I  = 3 E 1 4 . 7 / / )  
C  .................................................................. 
P I  = 3 . 1 4 1 5 9 2 6  
C  
KK=O 
S R 2 C  = S I N C B E T Z C )  
C 8 2 C  = C O S ( B E T 2 C )  
T 8 2 C  = S B 2 C / C B 2 C  
S G l C  = S I N ( G A M 1 C )  
C G l C  = C O S ( G A M I C )  
SG2C = S I N ( G A M 2 C )  
C G 2 C  = C O S ( G A M 2 C l  
S B l C  = S I N ( I 3 E T I C )  
C R l C  = C O S I B E T I C )  
T B X C  = S B I C / C B ? C  
S G A M l C  = S G l C  
SGAM2C = S G 2 C  
C G A Y l C  = C G l C  
t G A M ? C  = C G 2 C  
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0 0 0 0 0 0 0 0 G D 0  O C G O C  C 
I S N  0 0 7 1  
I S N  0 0 7 2  
I S N  0 0 7 3  
I S N  0 6 7 4  
1SN 0 0 7 6  
I S N  0 0 7 7  
I S N  0 ' 379  
I S N  0 0 8 1  
t S N  0 0 8 2  
I S N  0 0 8 4  
ISW 0 3 8 6  
r sv  0 0 3 7  
1 S N  0 0 8 9  
I S N  0 0 9 ?  
I S N  0 6 3 2  
F I S N  0 0 9 4  
w 0 I S N O 0 9 5  
I S N  0 0 9 6  
I S N  0 0 9 7  
I S N  00 98 
I S N  0 0 9 9  
I S N  0 1 0 0  
I S N  0 1 0 1  
I S N  01 0 2  
I S N  0 1 0 3  
I S Y  0 1 0 4  
I S N  0 1 0 5  
I S N  0 1 0 6  
I S N  0 1 0 7  
I S N  0 1 0 8  
I S N  0110 
I S N  01 12 
I S N  9 1 1 4  
? + S G l C * C B l C * C T H T * C P H I  ) / ( S B I C  * ( - S P S I * C P H I  + C P S I * S T H T * S P H I )  
3 + C G 1 C * C B l C * ( C P S I * C P H I  + S P S I * S T H T * S P H I  - C B l C * S G l C * C T H T * S P H I  ) 
4 - G A M I C  
C 
G L 1  = C P S I * C  THT*S82C-SPSX*CTHT*CG2C*C82C-STHT*SG2 C*C82C 
D 8 2 =  A R S I N ( G L 1 )  - B E T 2 C  
C  
DG2 = -GAM2C + A T A N (  ( S B 2 C * ( S P S I * S P H I  + C P S I * S T H T * C P H I )  +CG2C* 
1 CB2C* ( C P S I * S P H I - S P S I  *STHT*CPHI  ) +SG2C*C82C*CT HT *CPH I )/  ( S 8 2 C *  
2  (SPSI *CPHI-CPSI*STHT*SPHI ) + c G ~ c * c B ~ c * (  CPSI*CPHI+SPS I*STHT*SPH! ) 
3 -CTHT*SPHI *SG2C*CB2C ) ) 
I F ( B E T l C . E Q o  0.03 GO TO 850 
A P E l =  ABS(DP.1 / B E T I C )  
I F ( A P E 1  .LT. 1 . D - l O ) D R l =  SG1C*THT + C G I  C*PS I 
8 5 C  I F ( G A M 1 C  .EO. 0.0) GO TO 8 5 1  - -  
APE2= ABS(OG1 / G A M I C )  
I F (  A P E 2  eLT. 1 . D - l O ) D G l =  P H I  - T B l C * C G I  C*THT + T B l C * S G l C * P S I  
851 I F ( B E T 2 C  .EQ. 0.0) GO TO 8 5 2  
A W 3 =  ADS( D i32 /BET2C)  
I F ( A P E 3  .LT. l . D - l O ) D 8 2 =  -SG2C*THT - C G 2 C * P S I  
8 5 2  I F ( G A M 2 C  *EQ. 0.0) GO TO 8 5 3  - - -  
APE4= ABS(  D G 2 I G A M 2 C  ) 
I F ( A P E 4  eLT. l * D - l O ) D G 2 =  P H I  + TBZC*CG2C*THT - TBPC*SGPC*PS I  
C  
C  .................................................................. . - 
C  
C  C A L C U L A T I O N  OF N O N L I  NEAR F ( X )  - - 
C  
C  
8 5 3  SUMS=(COS(DC2+GAM2C) ) *DB1 + ( C O S ( D G l + G A M l C )  ) *DB2  
SUM6=( S IN (DG2+GAM2C)  ) *OF31 + ( S I N ( D G l + G A M I C )  ) *D82  
€ P H I =  D G l  
ETHT=  D 1 2 * S U M 5  . 
E P S I = - D 1 2 * S U M 6  
P J ~ = ( X K M * X K C / A I T R E N ) * ( - S I N ( D G ~ + G A M I C ~ * X ( ~ ) - C O S ( D G ~ + G A M ~ C ) * X ( ~ ~  
PJ~=(XKM*XKC/AITREN) * ( s I N ( D G ~ + G A M ~ c ) * x ( ~ ) + c o s ( D G ~ + G A M ~ ~ ) * x ( ~ ) )  
PJ3= (XKM*XKC/A ITREN)  * ( - X ( 2 ) - T A N ( D 8 2 + B E T 2 C )  * ( C o s t  DG2+GAM2C )*X( 4 )  
- 
i - S I N ( D G 2 + G A M 2 C ) * X ( 6 )  ) 
P J 4 = (  XKM*XKC/A ITREN)  * ( - X ( 2 ) + T A N ( D B l  +BETlC)_+(C-OS( D-Gl+GAMlC) -- 
* 5 4 )  _ 
1 - S I N ( D G ~ + G A M ~ C ) * X ( ~ ) ~ )  - - 
PAGE 0 0 3  
I S N  6 1 1 6  
I S Y  ( 1 3 1 7  
I S N  4119 
I S N  O X 2 1  
I S N  0 1 2 3  
I S N  0 1 2 4  
I S N  0125 
I S N  E l 2 6  
ISh( 6 1 2 3  
I S N  0 1  70 
I S N  0832 
I S N  O X 3 3  
I S N  0 1 3 4  
ISN OX36 
151.1 0 1 3 7  
I S N  0138 
I S N  0 1 3 9  
I S N  0 1 4 0  
I S N  0 1 4 2  
I S N  O X 4 3  
I S N  0 x 4 4  
C 
A R G F 4 =  X K C * ( E T H T + 4 e S * E T H T D )  
I F (  A B S ( A R G F 4 )  e L E e F 2 L I  N)F2= A R G F 4  
I F (  ( A R G F 4 )  . G T . F 2 L I M ) F 2 =  F 2 L I M  
IF (  A R G F 4 e L T . - F 2 L I M ) F 2 = - F 2 L I M  
F ( 4  ) =  I./( X K C * T M ) * i F 2 - A f T Q E N # H T H T / X K M l  
1 - ! . / T M * ( D 1 2 * ( S D I F * X ( 3 @ + A I T R E N * H T H T / ( X K C * X K M  4 * S * X K M * X K C /  
I A I T R E N * ( C G ~ C * S G X C * K ( ~ ) - C G 1  C * S G 2 C * X ( 4 )  B 8 )  
C -- 
F(S)= - X K M S X K C / A I  TREN*(SPHI*X(~)/CTHT+( CPHI/CTHT-1 e ) * X t 6 )  
A R G F 6 =  X K C * ( f  P S I  + 4 . 5 * E P S I O )  
I F ( A R S ( A R G F 6 )  . L E . F 2 L I M ) F 2 = A R G F 6  
I F (  ( A R G F 6 )  * G T . F P L I  M ) F 2 = F 2 L I M  
I F i  4 R G F 6 e L T . - F 2 L I M ) F 2 = - F 2 L I M  
F(6 )=1  . / ( X K C * T M ) *  ( F 2 - A t T R E N * H P S I / X K M J + t  . / T M * D l 2 * ( - S R I F * X ( S )  
1 + A I T R E N * H P S I  / (  XKC*XKMB-4e5*X(CM*XtCC/AITREN*X(61*  
I ( S G 2 C * C G 1 C - S G I C * C G 2 t ) )  
c .................................................................. 
K K = K K +  I 
IF(KK.EQ.2)GO TO 7 0 0  
GO TO 702 
7 0 0  W R I T E (  6 . 5 0 0 2 ) D R l  v D B 2 e D G X I D G 2  
5002 F O R M A T ( 6 H  D B r D G / l  X 1 4 E 1 3 e 6 )  
7 0 2  C O N T I N U E  
C 
IF(  JSW.GT.O)GO T O  6 0 2  
WRITE(6rSOOX)(F(I)~I=lr6) 
S O 0 1  F O R M A T ( 1 H  /I X 1 1 2 H  F ( X ) - V E C T O R / 1  X a 6 E 1 3 - 6 )  
602 C O N T I N U E  
C 
c 10501980 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  P O 5 0 1 9 9 0  
R E T U R N  1 0 5 0 2 0 0 0  
END 1 0 5 0 2 0 1 0  
P A G E  004 
L E V E L  2  F E B  6 7  O S / 3 6 0  FORTRAN H D A T E  69.1 63/P 1.55.29 
C O Y P I L F R  O P T I O N S  - NAME= B M A I N * O P T = 0 2  .LINECNT=56~SOURCE~BCD~LISTeDECK~LOAO~MAPrN3EDI T*  I  
I S N  0 0 0 2  
XSN 0 0 0 3  
SUBROUTINE QGENCTHFTA . P H I  VrXLLIM)  
I M P L I C I T  R E A L * B  (A-H.0-Z) 
C 
C GENERATION OF P O S I T I V E  D E F I N I T E  0 M A T R I X  
I S N  0 0 0 4  DOUBLE P R E C I S I O N  AAMOO.P*QV.A.Ee AM.0. PM*  A T P *  P A *  OP 
I S N  0 0 0 5  
1s- 0 0 ' 3 6  
I S N  0 0 0 7  
I S N  O D 0 8  
ISW 0 0 0 9  
I S N  OOtO  
I S N  0 0 1 1  
I S N  0 3 1 2  
I S N  0 0 1 3  
I S N  O r 1 4  
I S N  O F 1 5  
I S N  0 0 1 6  
d I S N  0017 
I S N  0 0 1 8  
I S N  0 0 1 9  
h, I S N  0 0 2 0  
1 S N  0021 
I S N  0 0 2 2  
I S N  0 0 2 3  
COMMON/BLKS/A(6 .6)  .QC6.6) .PM(Ov6 )  e F ( 6 )  e D F ( 6 9 6 j  . -- - .- 1 0 6 0 0 p ~  
N =6 1 0 6 0 0 0 7 0  
C 1 @ 6 0 0 0 8 0  
D I Y E N S I O N  T H E T A ( 2 B )  . P H I V ( B )  r X L A M ( 9 )  r Z T H E T A ( 2 8 l . T T H E T A ( 2 8 ) *  1 0 6 0 0 C 9 0  
1 B A ( 2 0 . 2 0 )  . S S ( 2 0 . 2 0 * 2 0 )  s C C ( 2 0 r 2 D  * 2 0 1 *  106001 0 0  
2 B M ( 2 0 . 2 0 )  .SM(20.20)  . A A R ( 2 0 . 2 0 )  * G ( 2 0 * 2 0 ) * Q Q ( 2 0 ~ 2 0 )  ? 0 6 0 0 1 \ 0  
C ) 9 ,1=K . )K (MALX(  . ) 8  *l=J,) J ( V I H P (  , ) 8 2 * 1 = I .  A T 3 6 0 1  A 1 3 6 0 P 1 2 0  
1 0 6 3  F O R M A T ( 6 E l 2 . 4 )  10-6001 3 0  
E X T E R N A L  D MOD OGEN 
P I  = 3 . 1 4 1 5 9 2 6  106001 4 0  
P I 2  = P I / 2 .  1 0 6 0 0 1  50 
N N = ( N - I ) * ( N - 2 )  /2 1 0 6 0 0 1  6 0  
DO 6 1 = 1 * N N  
-- 
1060 0 1  70 
B I D  =THETA ( I 1 0 6 0 0 1  80 
6 T T H E T A C I  ) =  DMOO(BAD.PI2)  OGEN 
C Y E  H A V E  NOW I N D E X E D  THETA. 1 0 6 0 0 2 0 0  
C NOW WANT C O N T I N U E D  PROOUCT OF SS(1.J.L) F O R  L = K + l r N  r 
C FOR E A C H  K = l  r N - 1  O B T A I N  Z(K.19 J ) r  
N N I  = N-1  
69 DO 20 K=1 * N N f  
- 
- 
I S N  0 0 2 5  DO 15 I Z 1 . N  
- - - 
1 0 6 0 C 3 5 0  
15U 003 .6  00 15 J= l .N  -- 1 0 6 0 0 3 6 0  
I S N  0 0 2 7  15 SS( I.J.L)=O.O 1 0 6 0 0 3 7 0  
I S N  0 0 2 8  
1 S N  0 0 2 9  
I S N  0 0 3 0  
I S N  0 6 3 1  
I S N  0 6 3 2  
I S N  0 0 3 3  
ISM 0 0 3 b  
15.4 0 0 3 5  
I S N  0 0 %  
I S N  0 0 3 7  
I S N  D O 3 8  
ISN 0 0 3 9  
ISN no40 
DO 9 8  1-1.N 
9 8  SS( 1.1 .L)=l.O 
C WE DEVELOP S S ( 1 r J . L )  AS F U N C T I O N  THETA(L.K.N) F O R  L L.T. N 
C AND s s ( 1 1 J . L )  F U N C T I O N  OF P H I V C K )  FOR L = N  
I F ( L - N ) 2 5 . 2 3 . 2 3  
2 5  M=< ( 2 * N  - K - 2 ) * ( K - l ) / 2 ) + N - - L  
SS(K rK .L )=COS(  TTHETA(M1)  
S S ( L 9 L  .L)=COS( TTHETA(  M) ) 
S S ( K * L v L ) = - S I N ( T T H E T A ( M )  
SS(L,K.L)=SIN(TTHETA(M)) 
GO TO 35 
7 3  SS(K .K .L )=COS(PHIV (K )  
SS( L.L .CI=COS( P H I V ( K )  
SS( K . L . L ) = - S I N ( P H I V ( K ) )  
S S ( L . K . L ) = S I N ( P H I V ( K ) )  
C 
7 5  DO 7 0  I = l * N  
.# L..=i.-,"Z Y " w " u B[ c? I W Y  " 
o u  O O O V C O ~ ~ O C -  o o r o z  o 0 0 2  ~ O C I O O Z  I Z 8 8 o o e  4 0 0 - 0 - -  o o c  
n u  O O O U C O ~ U O O N  n o m o m  o  o o m  o o o m o o m  m - u u o o 4  a o o o o u u  o c o  
U  U U U  U U U U  
~ r n  e i n a ~ w c n o - N ~ Q  m a t - m o  o a ~ m  e m @ ~ m @ a  
Q b  e d 4 B Q Q G f l l f ' L n O l  m m G m G  Ul Q Q U 3  U J i D U I Q O Q V  
s - a N W . r ) l O @  
t - b r - C b r .  
0 0  O C O V C C O O O O O  C O O O O  0 0 0 0  C O C O L O O  0 0 0 0 0 0  
0 0  O O C O O C O O B O O  O O U O C  0 0 0 0  0 0 0 0 0 0 0  O O O C U O  
v u u  
b C O 0 0 r  N f 9 d  
t - F - + I D m  f f i ( C C 3  
0 0 0 0 0  O C C  
0 0 0 0 0  O C C '  
O O O O O O O O O O O O O O O O  
~ N ~ U U ~ W ~ ~ D O ~ N ~ U M O  
d d - - d d - ~ n f d N N N W N N  
- d m ~ m ~ d r d - ~ r d r w n  
0 0 0 0 0 0 0 0 0 I C 0 0 0 0 0 ~ 0  
O O O O O O O O O I C O O O O O O  
-.-,..,M~.-l~'+.',...i.4d.4dd 
, 
m 0 U) 
m (F (r 
U V U  
u ) \ O t - m  
a a (C m 
C O C O  
G 0 C 0 
Z Z Z Z  
l n m l n f f l  
n-..,c.l 
L E V E L  2 F E B  6 7  O S / 3 6 0  FORTRAN H DATE 6 9 . 1 6 3 / 1 1  a55.42 
C O Y P I L F R  O P T I O N S  - NAME= B M A I N . O P T = 0 E 1 L I N F C N T = 5 6 . S O U R C E ~ R C D r L I S T s ~ E C K r L D A D . M A P * N O E D I T t I D  
I S N  0 0 P 2  S W R O U T I N E  P F A I Q ( K E E P 1  
I S N  0 0 0 3  I M P L I C I T  REAL*F> (A-H.0-Z) 
I S N  0 0 0 4  COMMnN/BLKS/A (6 .6 )  , 0 ( 6 * 6 )  . P M ( ~ ) . D F ( ~ * ~ )  
C 
I S N  0 0 0 5  N =6  
C 
I S N  0 0 0 6  DOUBLE P R E C I S 1  ON AAMOO.P* QVIAIE. AM*O*PM*ATP.  P A *  Q p  
1SN 0 0 0 7  D I M 5 N S I O N  A A M O D ( 3 7 r 3 7 )  r P ( 3 6 )  . 0 V f  3 6 )  *E(6.6) eAM(6 .6 )  
3 . ISTk?P(371 .ATP(6 .6 )  ' P A ( 6  ~ 6 )  v O P ( 6 * 6 )  
C 
C N = D I M E N S I O N  O F  A y M A T R I X  ( I N P U T  ON CARD NO12  ) 
C A = I N P U T  M A T R I X  
I S N  0 0 0 8  
I S Y  0 0 0 9  
I SN- 0 9  XO_ 
-. .- 
I S N  0 0 1 1  
r I S Y  0012 
I S N O O l . 3  
I S N  0 0 7 4  
I S N  0 0 1 5  
I S N  0 0  ',6 
I S Y  0 0 1 7  




NN = N * N  
DO 3 7  1=11N  
- -- 
DO 37 J = l . N  
PM~~I.J) = 0.0 
Q P ( 1 . J )  = 0.0 
A T P ( I . J ) =  0.0 
P A (  1.J) = 0.0 
AM( 1.J) = 0.0 
3 7  E ( I e J )  = 0.0 
C 
2 9 6 3  FORMATCIH  /( 1 X s 9 E 1 4 . 7 )  
C 
C 
C YAK I N G  Q P E R F E C T L Y  SYMMETRIC 
I S N  0 0 1 8  NK = 2 - -  --- 1 0 7 0 0 3 6 0  
- - 
.- - - - - - - 
I S N  0019 4 2  D O  7 6  J J z 1 . 5  10 -700370  
I S N  0 0 2 0  
ISM ooz r  
I S N  0 0 2 2  
I S N  0 0 2 4  
I S N  C 0  25 
f SN 0 0 2 7  
I S N  0 0 2 8  
I S N  9 0 2 9  
1 5 N  0 0 3 3  
I S N  0 0  31 
I S N  09 32 
I S N  00 73 
I S Y  0 0  34 
O ( N K *  J J )  = Q (  J J e N K )  
NOOK = NK-1 
IF (NOOK .EQ. JJ) GO TO 77 
C O N T I N U E  
IF(NK.EQ.6)GO TO 87 
NK = NK + 1 
GO TO 4 2  
CONTINUE 
S E T T I N G  Q-MATRI  X TO 0-VECTOR 
0 0 0 0 0 0  
N t n d  In W'C 
r - b C f - C , C  
O O O O O O  
0 0 0 0 5 0  
C C C t - C I C  
a o  e; o  010 
01 G 
cum 
@ a  a' 
0  0  
0' 0 
C1 I- 




. . I r (rt .4.4-  
0 0 0 0 0 0  
C C C C C C  
PAGE 003 
I S N  0 0 5 7  
ISN nn5e 
I S N  0 0 5 9  
I S N  0 3 6 0  
I S N  0 0 6 1  
I S N  0 0 6 2  
I S N  0 0 6 3  
I S N  0 0 6 4  
DO 55 L T  = t . N  
DO 55 LM = 1 . N  
I L T  = I P + L T  
IPM = IP+LM 
55 AAMODf I L T e I P M )  = AAMOD(ILT.IPM)+ A(LM.LT) 
60 CONTINUE 
C 
C THAT F I N I S H E S  THE CALCULATION OF AMOD *NOW WE MUST 
C PRINT I T  OUT BECAUSE SREVNI WIPES OUT AAMOD- - 
C 
C ) N N . l = I  . ) N N . l = J . ) J . I ( D O M A A ( O 3 6 9 2 . 6 ( E T I  1 0 7 0 1 2 2 0  
C NOW FOR A-INVERSE 1 0 7 0 1 2 3 0  
C 1 0 7 0 1 2 4 0  
IDEM=NN+~ r 0 7 0 1 2 s o  
C 1 0 7 0 1 2 6 0  
CALL MINVD(AAMODeIDEM.NN.ISTEP.IERR) 1 0 7 0 1 2 7 0  
I S N  0 0 6 5  
I S N  0 0 6 6  
I S N  0 0 6 7  
ISM 0 0 6 8  
IShJ OF69 
e' 
I S N  0 0 7 0  
co I S N  0 0 7 1  
I S N O 0 7 2  
ISlS 0 0 7 3  
I  SF.^-60 74 
.a 
I S N  0 0 7 5  
I S Y  0 0 7 6  
I S N  0 0 7 7  
I S N  0 0 7 8  
I S N  0 0 7 9  
I S N  0 0 3 0  
I S N  OORl 
I S N  0 0 8 2  
I S N  0083 
ISN 0 @ 8 4  
1 0 7 0 1 2 8 0  
1 0 7 0 1 2 9 0  
NOW AAMOD INVERSE HAS REPLACED AAMOD 1 0 7 0 1 3 0 0  
1 0 7 0 1 3 1 0  ' 
)1925(-E_TJ 1 0 7 0 1  3-20 
2 9 1  FORMAT( LH / IX.PEHAAMOD-INVERSE MATRIX . 77) io;lof. 3 3 0  
NN11=1 3 7 1  1 0 7 0 1 3 4 0  
)NN.l=J. )JI I(DOMAA( ) 3 6 9 2 * 6 ( E T I  1 0 7 0 1 3 5 0  
6 6  DO 7 0  I B  =1 .NN 
- .  - -  - -  - 
1 0 7 0 1 3 0 0  
P(1 '3)  S0.0 1 0 7 0 1 3 7 0  
DO 70 I C  = 1 r N N  
- - -- -- - - --. - 
1 0 7 0 1 3 8 0  
70 P(IBF = P(IB) -AAMOD(IB+ICJ * avt1c1 i o ? o i 3 P o  ' 
SET P-VECTOR T C  P-MATRI X TO GET Q-PRI ME FROM-ATP-PA =QP 
- - - . - - - 
10701400 
K=I 1 0 7 o i 4 l o  
DO25 1=1 .N 
.- - 
1 0 7 0 1 4 2 0  
DO25 J=l  eN 1 0 7 0 i 4 3 0  
P M ( I . J ) = P ( K )  . 
- - - - 
l 0 7 0 1 4 4 0  - 
2 5  K=K+1 1 0 7 0 1 4 5 0  
CALCULATION OF ATP ( A  TRANSPOSE P 
.- - -- - - 
1 0 7 0 1 4 6 0  
CALCULATtON OF PA (GMATRIX X A ) 1 0 7 0 1 4 7 0  
26 PA(1 .J )  = P A C I r J )  +PM(I.K) * A ( K * J )  1 0 7 0 1 5 2 0  
DO 2 7  I = I . N  1 0 7 0 1 5 3 0  
DO 2 7  Jz1.N 1 0 7 0 1 5 4 0  
2 7  Q P ( I * J )  = - A T P ( I . J )  - PA(1.J)  1 0 7 0 1  5 5 0  
RETURN 
- .  
X 0 7 0 1 5 6 0  
EN@ 1 0 7 0 1 5 7 0  
LEVEL 2 F E B  6 7  OS/360 FORTRAN H DATE 69.1€3/0 1 e 5 5 . 5 9  
I S N  0 0 9 2  
I S N  0003 
I S N  0 0 0 4  
I S N  0 0 0 5  
ISV 0 0 0 7  
I S N  0008 
I S Y  0 0 0 9  
I S N  ObtC 
I S N  0 0 1 1  
FUNCTION S C A P R ( X . Y * S U M . L + I X s I Y )  
REAL*% X( I X e l  I r Y ( I Y v 1 )  
REAL*8 SUM I SCAPR 
IF ( L  .EQ. 0 )  GO T O  1 1 0  
DO 1 0 0  J  = l . L  
1 0 0  SUM = SUM + X ( 1  * J I * Y ( l . J )  
1 1 0  SCAPR = SUM 
RETURN 
END 
LEVEL 2 FEE 6 7  0 5 / 3 6 0  FORTRAN H DATE 69 .163 /11 .56 .02  
COMPILCR OPTIONS - NAY:= %MAIN.OPT=02.LINECNT=S6.SOURCE.BCD~L IST.DECK~LOAOsMAP~NOEOIT~ I 0
I S N  0 0 0 2  
1SN OOQ3 
I S N  0 0 0 4  
I S N  0095 
I S N  0 0 0 6  
I S N  0 0 0 7  
I S N  0 0 0 8  
FUNCTION D O T P R ( X * Y )  
I M P L I C I T  R E A L * S  (A-H.0-Z) 
REAL*S X (  1 .Y ( 1 1 
COMMON /INFO/ SUM,NUMBER. INCR. INCC 
DOTPR = SCAPR(X.YISUMINUWBER*INCR.INCC) 
RETURN 
r=ND 
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- m a  
0 - > \  
V, a 0  
II a n a  
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u 
w ; t  
Z W J  
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I1 - 0 -  
C I r 4  
a - m a  
o a m  
- W d  
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r 6 Z d  
d - -  -
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111 5 t -  
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1 e 7  
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~ m - ~ ~ v w ~ ~ ~ ~ - ~ ~ n n z ~ ~ ~ ~ n a ~ ~ ~ ~ ~ d ~ ~ ~ ~ w ~ ~ ~ ~ n ~ ~ - - n ~ - ~ a ~ ~ - w - x ~ a  
C G C J  O O U  O O C  u O 0 U O  C 0 U 0 0  G O O  U O O C  O C, 
0' m d  ui ~ r -  m o o  c m  a c o  + N P- d m  101-a  m o m *  m  o 
N N N  N N N  N N C  m m  m e  e e e e e  e e c  e m m m  ui m  
0 C O O  0 C 8 0  
& N F J ( P l n U % f i  
o o o o c s o ' o  
O O l O O O O O  
o 6 n o o d o  
N N N N N  
,,,,,Sf!!! 
0 0 0 0 0 0 0 V O d d a ~ ~ d d -  
O O o C O o o O O O O O O O O o c .  
O O O O O O O O O U O O O O O Q C  
m m m m m m m m n m n m m n m m m  
N m Q L n a  
O @ O O O  
O O C O O  
0 0 0 0 0  
LEVEL 2 FEB 67 0 S / 3 6 0  F O R T R A N  H D A T E  69 .163A 1 e 5 6 . 2 2  
C O M P I L E R  O P T I O N S  - N A M E =  B M A I N . O P T = 0 2  *LINECNT=S6 . S M J R C E t B C D r L  I S T *  O E C K ~ L O A D I M A P ~ N O E O I T .  I D  
I S N  0 0 0 2  
I S Y  Oq03 
I S N  0 0 0 4  
I S N  OC05 
1 5 N  0006  
F U N C T I O N  D A R S I N ( X 1  
I M P L I C I T  R E A L * 8  ( A - H . 0 - Z )  
D A R S I N = A T A N (  X / S Q R T ( l . @ - X * * 2 )  I 
R E T U R N  
E N D  
L E V E L  2 F E B  67 0 S / 3 6 0  FORTRAN H  D A T E  69.163/11056.25 
C O M P I L E R  O P T I O N S  - NAME= B M A I N ~ O P T = ~ ~ ~ L I N E C M S ~ ~ ~ S O U R C E ~  8CD.L I S T ~ D E C K . L O A D ~ M A P . N D E D I 1 ~  I D  








S I B R O U T I N E  S Y M B I G  (A rNO. INDEX1  ~ I N O E X ~ ~ A S I Z E I B ~ P * O ~ U ~ V * M I S S )  
HOUSEHOLDER T R I  - D I  AGONAL I  Z A T I  ON R O U T I N E  F O R  R E A L  SYMMETRIC  M A T R I C E S *  
FOLLOWED B Y  STURM-SEQUENCE COMPUTATION OF  T H E  E IGENVALUES.  PROGRAM 
SHOULD WORK FOR ORDERS U P  T O  1 0 0 0  A T  L E A S T *  I N C L U D I N G  1 AND 2 s  BUT I T  
I S  A I M E D  P R I M A R I L Y  A T  LARGE ORDERS* AN ATTEMPT I S  MADE T O  USE SCRATCH 
T A P E S  ABOUT A S  E C O N O M I C A L L Y  AS  P O S S I B L E .  AND I N N E R  PRODUCTS A r n A C C U H -  




I S N  0 0 0 3  D I M E N S I O N  A(!)  p Q ( 1 )  * U ( l )  e V ( I )  s B ( l B v P ( 1 )  
I S N  0 0 0 4  DOUBLE PREC 1 S I ON P  . SUM .PI 
I S N  QOOS INTEGER A S 1  Z E  
I S N  0006 E Q U I V A L E N C E  ( SUMsSUN) 
C 
C I N I T I A L I Z E .  
C - - - . - - - -  - -  - - ---.- 
I S N  0 0 0 7  NUMBER = I N D E X 2  
I S N  0008 C A L L  0 VERFL  ( I ) - - - - .  
I S N  0 0 0 9  N  = I A B S ( N 0 )  
I S N  0 0 1 0  NX = N - 1  - - -  - 
I S N  0 0 1 1  N 2 r N - 2  
C  
- . -  - .- - . - -  - 
c r e s t  m SEE IF MATRIX IS ALREADY IN CDRE* - 
C - - . - . - . . - - - - - - 
I S N  0 0 1 2  I F  (NUMBER) 7 0 r 2 0 0 0 . 8 0  - 
r 
\D C  - -  - 
Q\ c NO. REWIND TAPES* SET THE INDICATORS INCORE AND K E Y *  AND READ IN THE 
C  F I R S T  ROW OF MATRIX .  THE  ARRAY A  I S  U-S iD T-0 H O L D - A S  MA-NYYRgWS_& - - 
C P O S S I B L E .  A T  E A C H  STEP THE F I R S T  ROW I N  CORE I S  E L I M I N A T E D  AND ONE 
C  OR MDRE NEW ROWS BROUGHT I N  U N T I L  A L L  REMAINING-R_O_YS ARS-1.N -C_O_RE.e 
c 
I S N  0 0 2 0  
ISN on PI 
I S N  O n 2 2  
I S N  0 0 2 1  
I S N  0014 
I S N  0 0 2 5  
I S N  0 0 2 6  
I S N  0 0 1 3  70 REWIND 2  - . .- - . . - - . - - - 
I S N  0 0 1 4  REWIND 3 
I S N  O F 1 5  REWIND 4 . - - .  - - - -  . - 
I S N  0 0 1 6  INCORC = X 
I S N  O n 2 7  KFY = 0  
I S N  0 0 1 8  READ ( 2 )  ( A ( I ) .  I = 1.N) 
I S N  0 0 1 9  GO TO 90 .- . - - 
C 
C YFS. SET THE I N D I C A T O R  I N C O R E  AND D E F I N E  T H E  I N D I C E S  W H I C H  DES I 9 A T E  
C F I R S T  AND L,,ST E L E Y E N T S  OF F I R S T  ROW I N  CORE. T H E  ARRAY A  ALWAYS 
C  HOLDS THE E N T I R E  M A T R I X  AND AS  E A C H  ROW I S  E L I M I N A T E D *  I T  I S  RE- 
C  PLACED 3 Y  THE CORRESPONDING V- 
80 INCORE = 0  
K 2 U 2  = 1 
K 7 N  = N  
00 NUMYER = I A B S I N U M B E R )  
C  
C D I S P O S E  OF  T R I V I A L  CASES. 
C  
I F  ( A S I Z E  - N - N l )  1 0 0 1 1 1 0 + 1 1 0  
100 Y I S S  = 1 
RETURN 
PAGE 0 0 2  
I S N  0 0 2 7  
I S N  0 P 2 8  
I S N  0 0 2 9  
I S N  0 0 3 0  
I S N  0 0 3 1  
I S Y  O(r32 
I S Y  0 0 3 3  
I S N  0 0  34 
I S N  00 35 
I S Y  0 6 3 6  
t S N  0 0 3 7  
I S N  0 0 3 8  
I S N  0039 
I S N  0 0 4 0  
t S N  0 0 4 1  
I S N  0 0  4 2  
ISM 0 0 4 3  
I S N  0 0 4 4  
I S N  0 6 4 5  
I S N  0 0 4 6  
t S N  0 0 4 7  
ISM 00 48 
c 
C INCORE = 0 MEANS THE (REMAINING) MATRIX F I T S  I N  CORE. INCORE = P MEANS 
C THAT SOME ROWS ARE S T I L L  ON TAPE. 
C IF  KEY = 9 ( K  EVEN) REAO T2 AND WRITE T3. REVERSE I F  KEY = 1 ( K  0 0 0 ) .  
C M I S  NUMBER OF ROWS (STARTING _VklTH K+1)  WHICH E I T  _IN CORE* L-IW 1-S T - E -  - 
C INDEX OF L A S T  SUCH ROW. EVENTUALLY L I M  REACHES N. AND THEREAFTER 
C READING AND WRIT ING ARE SUPPRESSED. 
C 
1 3 0  K 2  = I 
K 3  = 2 
K 1 K t  = 1 
- - - - .  - - 
NK1 = N 
NEXTM = L I M I T ( N . A S I Z E )  
L I M  = NEXTM 
C 
C MAJOR LOOP. EXCEPT FOR K = 0 AND K = N-2. THE KTH STEP COMPLETES-STAGE 
C K OF THE HOUSEHOLDER ALGORITHM ANP BEGINS- STAG:=_-_K = 0 PREPARES -- - 
C FOR STAGE I r  AND K = N-2 ( V I R T U A L L Y )  COMPLETES THE ALGORITHM. 
C 
c IF K IS G.T. O. THE LOOP STARTS WITH P UPPER K AND v UPPER K STORED CN - - 
C Q ( K + 1  )...CI(N) AND U(K+l)...U(N). THE I S T  K DIAGONAL ELEYENTS--APE I N  - - 
C Q (  I ? .  ..Q(K)r WITH OFFOIAG ELEMENTS I N  U ( 1  )a eeU(K)  AND T H E I R  SQUARES 
C NECESSARY* ON TAPE. I F  L I S  T_HE 1 S T  K-VALUE- FOR WHICH-RO_nS LC$,.? .- - 
c - I N  V( 1). . .v(K). ROWS K+I. N OF A UPPER K ARE STURED EN CORE AND. EF 
C F I T  I N  CORE. THEN A UPPER K STARTS I N  A ( 1  ) FOR K L.T.E. 4-1 AND IM- - 
--- -- 
C A ( ( K - L ) ( N - L )  - I K - L ) ( K - L - l ) / 2  + 1 )  FOR K G.?: L. 
C 
C N I A  = 01 B U T  A POINTLESS P R O V I S I O N  OF FORTRAN I V  PROHIBITS % P ~ ~ C I T  b r  
C 
. - - 
N I X  = Q 
0 0  6 9 0  K = N I X e N 2  
-- - - - 
K l  = K 2  
K 2  = K 3  
K 3 = K + 3  
NK = NK1 
- -  -- -- ---- "- --  -- -- - - -- -. - - -. - - 
NKI = NK-- 1 
M = NE XTM 
C 
C TEST TO SEE I F  E N T I R E  (REMAINING) MATRIX F I T S  I N  CORE 
- 
C 
I F  ( INCORE) 2 0 0 0 . 1 4 0 r 1 5 0  
- 
I 
C YES. IF K 6.T. 0. FORM TAU. CI. AND NEW A. I F  K = 0 .  SKIP .  
C 
1 4 0  K l K 1  = K 2 K 2  
K I N  = K2N 
I F  fK) 2 0 0 0 r 2 5 0 . F O O  
C 
C NO. TRY 4 G A I N  NEXT TIME 
c 
15P INCORE = N - L I M  
K I N  = NK 
PAGE 0 0 3  
C 
C I F  K = 0 .  READ I N  (AT  LEAST) EARLY ROWS I N T O  UPPER TRIANGULAR ARRAY* 
C 
I S N  0 0 5 1  I F  ( K )  2000 .160 .180  
I S N  0052 1 6 0  I 1  = N  + 1 
I S V  0 0 5 3  I N  = N 4 N 1  
I S N  0 0 5 4  DO 1 7 0  I = 2.L IM 
I S N  0 0 5 5  I 1  = I N  + 1 
I S M  0 0 5 6  1 7 0  I N  = t N  + N - I - - - -- -- - - - - 
ISN o n 5 7  GO TO 2 5 0  
L 
C NOW S K I P  TO FORMATION OF NEW SUM. VI ALF. AND P. 
C 
C 
C - -  . - - - - -- - - 
C IF K I S  G.T-Ow FORM TAU AND GET Q (FROM OLD P AND V. NOW I N  Q AND U - 1  
- - - - 
I S N  0 0 5 8  
I S N  0 0 5 9  
I S N  0 0 6 0  
ISN oodr 
I S N  0 0 6 2  
I S N  0 0 6 3  - - - - -  
I S N  0064 
I S N  0 0 6 5  
I S N  0 0 6 6  
w 
U3 
0 0 .  
I S N  0 0 6 1  
I S N  0 0 6 8  
I S N  0 0 6 9  
I S N  0 0 7 0  
I S N  0 0 7 1  
I S N  0 0 7 2  
I S N  0 0 7 3  
I S Y  0074 
I S N  0 0 7 5  
I S N  0 0 7 6  
I S N  0 0 7 7  
I S N  0 0 7 8  
I S N  0 0 7 9  
I S N  0 0 8 0  
I S N  0981 
I S N  0 0 9 2  
I S N  0 0 8 3  
L - -. 
C I F  MATRIX F I T S .  D0N.T FRET ABOUT TAPES 2 AND 3. 
C 
C OTHERWISE GET SET FOR MORE READING AND WRIT ING-  
C - - -  -- - - -  - - -  -- .- -- -- ----- - --- - - 
1 8 0  I F  (INCORE) 2000 .230 .190  
1 9 0  REWIND 2 . .- - 
REWIND 3 
2 0 0  SUM = 0.DO . -- - - - 
00 210 I = K l r N  
_ Z l 0  S W  = SUM_+- q(I-).*Y(I)-_ - _- -- -. - _. - 
TAU = -5 * A L F  * SUM 
DO 2 2 0  I = K l  .N_ - . -  - - -- - -- - - -  
2 2 0  Q ( I )  = O ( I 1  - TAU*U( I )  
C - - .- 
C CONVERT ROWS K+l...LIM TO ROWS OF A UPPER K + l  
C - . - -  - - .  - -- -- - -- 
11 = K 1 K 1  
I N  = K I N  - -  - -  .- - - . - .- . -. - . 
DO 2 4 0  I = K l e L I M  
C - - 
C I F  K = N-2. Nb NEW SUM. V .  ALF. ETC-  ARE NEEDED. KICK OUT *NO MOP l.6. 
SUM 
K l K 2  = K l K l  + 1 
I F  ( N  - K 2 )  2 0 0 0 1 6 9 0 . 2 6 0  
2 6 0  0 0  2 7 0  I J  = K X K Z r K L N  
2 7 0  SUM = SUM + A ( I J ) * A ( I J )  
Q ( K + 1 )  = A ( K 1 K I )  
V ( K + X )  = SUN 
U ( K + I )  = SORT(SUNI 
C 
C I F  SUM = 0 .  ROW K + l  ALREADY CONFORMS TO T R I - D I A G  FORM. MAKE S P E C I A L  
C D E F I N I T I O N  O r  V AND ALF. 
I S N  0 0  84 
I S N  0 0 8 5  
I S N  0 0 8 6  
I S N  0 0 8 7  
I S N  0 0 8 8  
I S N  0 0 8 9  
I S N  0 9 9 0  
I S N  0 0 9 1  
I S N  0 0 9 2  
I S N  0 0 9 3  
I S N  0 0 9 4  
I S N  0 0 9 5  
I S N  0 0 9 6  
I S N  0 0 9 7  
I S N  0 0  98 
I S N  0 0 9 9  
I S N  0 1 0 0  
k' 
L a  
a I S N  0 1 0 1  
I S N  0 1 0 2  
I S N  0 1 0 3  
I S N  0 x 9 4  
I S N  0 1 0 5  
fSN 0 1 0 6  
I S N  0 1 0 7  
I S N  0 1 0 8  
I S N  0109 
I S N  0 1 1 0  
I S N  0111 
I S N  0 1 1 2  
I S N  0 1 1 3  
t S N  0 1 1 4  
I S N  0 1 1 5  
I S N  09.16 
1 S N  0 1 1 7  
I S N  0 1 1 8  
I S N  0 1  19 
I S N  0 1 2 0  
I S N  0 1 2 1  
I S N  0 1 2 2  
C 
I F  (SUM) 2 0 0 0 . 2 8 0 . 2 9 0  
2 R 0  V ( K + 2 )  = 1 .  
ALF = 2. 
GO TO 3 2 0  
c 
C ORDINARY D E F I N I T I O N  OF V AND ALF. 
C 
2 9 0  I F  ( A ( K l K 2 ) )  3 1 0 * 3 1 0 * 3 0 0 - -  _ - _ . -- - - -- - - -  - - 
3 0 0  U(K+1)  = - U ( K + l )  
310 V ( K + 2 )  = A ( K I K 2 )  - U ( K + l )  
ALF = 1. / ( V ( K + I )  + A B S ( A ( K I K Z ) * U ( K + l ) ) l  
3 2 0  J = K X K l  + 2 
DO 3 3 0  I = K 3 1 N  
V ( I )  = A ( J )  
3 3 0 J = J + l  
c 
C I F  MATRIX WAS I N I T I A L L Y  I N  CORE. STORE V UPPER K+1 I N  ~+l- ST ROW O F  A. 
PAGE 0 0 4  
C 
I F  (NUMBER 3 3 6  ~ 2 0 0 0 . 3 3 3  
3 3 3  A ( K I K 1 )  : ALF 
- -  +- - - -- 
A ( K l K I + l )  = V ( K + 2 )  
GO TO 4 4 0  
. - 
C 
C OTHERWISE. WRITE V UPPER K + l  ON TAPE 4. 
C 
3 3 6  WRITE ( 4 )  A L F *  ( V ( I ) r  I K2.N) 
- .- - - -. - - -  . - 
C 
C IF  MATRIX F A I L  TO F I T .  E L I M l N A T E  ROW K+1 (NOW SUPERFLUOUS) A_NO MOVE - 
c OTHER R O W S  FORWARD TO MAKE ROOM FOR 1 OR MORE NEW ROWS. 
C 
I F  ( INCORE) 2 0 0 0  , 4 4 0 ~ 3 4 0  
3 4 0  L K I  = NK + 1 
- .  -. -- - 
MOVE = I 1  - L K 1  
J = L K I  
- - - -  
DO 350 I = 1 r MOVE 
I T  = MOVE + 1 
- - " -  - - - -  - - - -  - 
I N  = NK + MOVE - M 
L 
C UPDATE L I M .  BRING I N  NEW ROWS AND CONVERT T O  ROWS OF A UPPER K+1. 
c 
NEXTM = L I M F T C N K I  r A S I Z E )  
L I M I N C  = L I M  + 1 
L I M  = K 1  + NEXTM 
DO 4 3 0  I = L I M I N C . L I M  
3 6 0  I F  (KEY)  2000 .370 .380  
3 7 0  RFAD ( 2 )  ( A ( I J l r  I J  = I I e I N )  
GO TO 3 9 0  
380 READ ( 3 )  ( A ( I J ) e  I J  = I I s I N )  
3 9 0  I F  ( K )  2000 .420 .400  
4 0 0  J = I 
DO 4 1 0  I J  = I I + I N  
A ( I J I  = A ( I J J  - Q ( I ) * U ( J )  - Q ( J ) * U ( I )  
410 J = J + l  
PAGE 005 
ISN  6123 420 I1 = I N  + 1 
ISN  0124 430 I N  = I N  + N - I 
I S N  01 25 K2K2 = 1 
I S N  0126 K2N = NK1 
I S N  0127 GO TO 450 - 
I S N  0128 440 K2K2 = K I N  + 1 
I S N  0129 K2N = K I N  + NU1 
C 
C COMPLTE POSIT lONS K+2...LIR OF AY ANQ SUM U P  TO L X M  FOR TYE-LATJLPQSI- .. , - 
C TIONS. I F  ANY. AT STEP I. I T H  ELEMENT OF AV I S  COMPLETED* AND EFFECT 
C OF COLUMN I ON ELEMENTS I+lme.N I S  TAKEN INTO ACCOUNT. 
C 
I S N  0130 450 11 = K2K2 - 
ISN 0131 I N  = K2N 
I S N  0132 Q Q  460 I = K2.N . ---. "- - - -  - 
I S N  0133 460 P ( 1 )  = O.DO 
ISM P134 DO 500 J = K2rLIM _ _ _  --- - - - -. - - - - - - - - - - - - . - - - 
ISN  0135 J = I  
I S N  C136 DO 470 I J  = I I v I N  - - - - - -  - 
ISN  0137 P ( I )  = P ( I )  + A ( I J I * V ( J )  
1-SY 0b-38- - 4 7 0  J = A L L - -  -- - - _  _ . - --  ----- ---- -- - - -- - -- -- - - - 
I S N  0139 I F  (N  - I) 2000*500~480  
. ISM 0140 480 I l l  = I 1  + 1- - --- -- - - -- --. - - - . - - - - -- 
I S N  01 41 J = I + 1  
I S N  0142 DO 490 I J  = I I l r I N  - - - - - -  - 
ISN  0143 P ( J )  = P ( J 1  + A ( I J ) * V ( I )  
I S N  0134- 
-- -49-0 J = _J + b - - . - - - . -- - - - - - - - - - - - - - - - - - -- --- -- - - . 
-< - ,..< - 
- - 1SN 0145 I t  = I N +  1 
- 
I S N  0146 500 I N =  I U + N -  I _ .- - - -. - - - - - - -- - -- - -- - -- - - - -- - - - - 
C 
N C I F  SOME ROWS ARE S T I L L - O N  TAPE* READ THEM IN-e-2 _AT A- _TfM_E_. E-ACH R O W  I S  _ - 
0 
0 C CONVERTED ( I F  K G.T. 0 ) .  THEN USED I N  CALCULATION OF AV* THEN PUT ON 
c THE OTHER TAPE TO MAKE ROOM FOR THE NEXT _ROW. - _ _  - _ - -.- - -- _ - -- _ 
C 
I S N  0147 I F  (N - L I M )  20001$60r510- - . - - - - - - - - - -- 
I S N  0148 510 I 1  = 1 
ISrJ 0149 I N  = N - L I M  -. - _ . - -  - - - - -  - 
ISN  01% L IM INC = L I M  + 1 
ISV  0151 DO 640 I = LIM1NC.N - -- - -- - .- - - - -- - - . . - 
ISN 0152 I F  (KEY) 2000.520*530 
ISM 0153 520 READ (2) ( R ( I J ) r  I J  = I I e I N )  
ISN nt54 GO TO 540 
I S N  0155 530 READ ( 3 )  - ! B ( I J l >  I-J = - I I * I N )  - --. -- - -- - -- - - - 
ISN 0156 540 I F  ( K )  2600*570*550 
ISN 01 57 550 J = I - . - - . - . - 











PAGE 0 0 6  
I S N  0 1 6 9  
I S N  3 1 7 0  
I S N  0 1 7 1  
I S N  0 1 7 2  
I S N  0 1 7 3  
I S N  0 1 7 4  
I S N  0 1 7 5  
I S N  0 1 7 6  
I S N  0 1 7 7  
I S N  0 1 7 8  
PSN 0 1 7 9  
- - 
I S N  0 1 8 0  
I S N  0 1 8 1  
I S N  0 1 8 2  
I S N  0 1 8 3  
- 
ISN- 0 1  54 
I S N  0 1 8 5  
I S N  0 1 8 6  
I S N  0 1 8 7  
1SN 0 1 8 8  
* -  . 
- r s @  ;cores 
I S N  0 1 9 0  
I S N  0 1 9 1  
t.l I S N  0 1 9 2  
I S N  0 1 9 3  
I S N  0 1 9 4  
I S N  0 1 9 5  
I S N  0 1 9 6  
PSN 3 1 9 7  
I S N  0 1 9 8  
I S N  0 1 9 9  
I S Y  0 2 0 0  
I S N  0 2 0 1  
ISN 0 2 0 2  
I S N  0 2 0 3  
I S N  0 2 0 4  
I S N  0 2 0 5  
I S N  0 2 0 6  
IS lv  0 2 0 7  
I S N  0 2 0 8  
P ( J )  = P t J )  + R ( I J > * V ( I )  
6 0 0  J =  J  + 1 
6 1 0  I F  ( K E Y )  2 0 0 C s 6 2 C . 6 3 0  
6 2 0  WRITE ( 3 )  ( B ( I J ) v l J  = I I . I N )  
GO TO 6 4 0  
6 3 0  WRITE (2) ( B ( 1 J ) r I J  = I I s I N )  
6 4 0  I N  = I N  - 1 
6 5 0  KEY = 1 - KEY 
66C CONTINUE 
- - --  - - -  
C 
C PLACE NEW V AND P I N  U AND 0. 
C 
C 
c MOP UP BY COMPLETING ARRAYS OF DIAGONAL. OFF~DI  AG AND SQUARE ELEMENTS. 
c 
Q ( N - 1 )  = A ( K l K 1 )  
U(N-1)  = A ( K l K l + l )  - - ... 
- -  - -- - - -  - - - -  - - - -  - - 
viu-1 B = U(N-I ) *u(N--~ ) 
Q ( N )  = A ( K l K l + Z >  
- - - 
7 0 0  IF ( N O )  7 ~ n . 2 0 0 0 ~ 7 2 0  
7 1 0  WRITE ( 6 r 1 0 )  ( Q ( I ) r  I = 1 tN) 
1 0  FORMAT ( / / / / / I  8H TRI-DIAGONAL F o R M / ~ ~ / ~ x ; ~ E H  DIAGONAL UEMENTS/~(  6 
l X r l P 8 E 1 5 . 7 1 )  
- . -  - - -  --- - -  
WRITE ( 6 * 2 0 )  tuc13. -i-G-i-.NIi 
2 0  FORMAT ( / / / 5 X * 2 2 H  SUB-DIAGONAL ELEMENTS//(6X.TP88EL5y7) ) - - - 
7 2 0  CALL 0 M R F L  ( I  
GO TO ( 7 3 0 * 7 4 Q ) . I  
- - 
73C M I S S  = 2 
GO TO 1 0 0 0  
- .- - -- - 
7 4 0  CALL GROPER(NIINOE'X~ .NUMXER-*Q.u*P;v;B) -- - 
7 5 0  M I S S  = 0 
- - - - - .  -- - 
GO TO 1 0 0 0  
2 0 0 0  M I S S  = 3 
I 0 0 0  RETURN 
ENTRY SECURE( XILOW.KOUNT.MIDIW) 
- -- 
DIMENSION X(MID.1)  . W ( l )  
CALL  T R I V E C ( A  rQ.U.V,W .P,P(N/2 + 1) .N) 
K = LOW 
DO 8C0 I = 1 rKOUNT 
CALL V L A N D T ( B ( U l r X ( 1  * I ) )  
8 0 0 K = K + l  
RETURN 
END 14 
LEVEL 2 FEB 6 7  O S / ~ ~ O  FORTRAN H DATE 64.1631n i 056.39 
CCIYDILFR OPTIONS - NAME= S M A I N . O P T = ~ ~ . L I N E C N T = ~ ~ ~ S O U R C E . B C D I L  IST.OECK.LOADIMAP.N~EDIT.  I D  
- - - - -  
I S N  00 '72 SLBROUTINE GROPER(N.LIM1 .hUMB.D.CFFD*PFFDtSEC.SIGMA) 
ISN  0 0 0 3  D IMENSION PFFD ( I  1 - .  
I S N  0 0 0 4  D IMENSION D ( l ) * O F F D ( l )  r S E C ( 1 )  v S I G M A ( 1 )  
I S N  OQ05 L IW2 = L I M l  + NUMR - I - 
I S N  0 0 0 6  CALL PREP(N.0 ISEC .ROOT.LORD) 
I S N  0 0 0 7  N I = . N = l .  - - - - . - - - - - - - . -- - . - -- . 
I S N  0 0 0 8  BOUND = AMAXX(ABS ( D ( l ) ) + A B S  (OFFD(1)  ) r A R S  (OFFD(N1)  )+ABS ( D ( N P ) )  
I S N  0 0 0 9  I F  ( N  - 2 )  1 6 r 2 0 0 . 1 0 0  
I S N  0 0 1 0  1 0 0  DO 1 I = 2 * N 1  
ISM OF11 1 BOUND = AMAXI (BOUNDsARS (OFFD( J - I  1 )  + A B S  (DCIL) + ABS ( Q F F Q C l ) )  1 
I S N  0 0 1 2  2 0 0 0 0 2  I = L I M l . L I M 2  
ISN 4013 SIGMA( I) = -BOUND . - -  --- . -- 
I S N  0 0 1 4  2 PFFD( I ) = BOUND 
I S N  0 0 1 5  LORD = 0 - - -  - 
I S N  0 0 1 6  RUTE = 1.0 
I S N  0 0 1 7  L = L I M 1  - I 
I S N  OD18 3 K = L + 1  
.. - I S N  0 0 1 9  I F  ( K  - L I M 2 )  4.4.13 - - ----A --- --- - --- - - - --- -- - - - 
I S N  0 3 2 0  4 ROOT = e 5  * ( S I G M A ( K )  + P F F D ( K ) )  
I S N  0 0 2 1  5 DO 6 I = K.LIM2 - -  - . -  - 
I S N  0 0 2 2  I F  ( P F F D ( K )  - P F F D ( 1 ) )  7.6.7 
I S N  0 0 2 3  6 L = I  
I S N  0 3 2 4  7 I F  (ROOT - RUTE) 8.3.8 
. - I S N  00.25 8 CALL D E T ( L 0 R D )  - - -  - -- - - - . - - . 
I S M  0 0 2 6  DO It  I = K w L  
I S N  0 0 2 7  IF( I -LO.RD) 9.9.10 - - - - - - - -- - - - -  - 
I S N  0 0 2 8  9 SIGMA( I) = ROOT 
I S N  0 0 2 9  GO TO 1% . .  . -- 
I S N  0 0 3 0  $ 0  P F F D ( 1 )  = ROOT 
I S N  0 0 3 1  11 CONTINUE -- - . - -  - - -  A -. 
I S N  0 3  32 RUT€ = ROOT 
I S N  0 0 3 3  IF  (ROOT) 4.12.4 - 
I S Y  (3034 1 2  K I N G  = LORD 
I S N  0 0 3 5  GO TO 4 - - - -- 
I S N  0 0  36 13 I F  ( K I N G  - L I M I )  1 6 . 1 4 t 1 4  
I S N  0 0 3 7  1 4  DO 1 5  I _= L I M l r K I N G  - .- -. - .- - - - -- . - - - - - 
I S N  0 0  38  15 S I G M A ( 1 )  = P F F D C I )  
I S N  0039 16 RETURN 
I S N  0 0 4 0  EN 0 
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.-,\.d w....-.r-- " m u  r 
- I n - o + + w m  0 1 -  z t- 
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> r u - u . - -  C k Z  a 0  
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[L t o *  
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I- I- " " X +  
0 1 1 - 0  * "  
do! 2 0  ru. X I J  
6 r - u . 1 0 Q o O  
I I J U  n o o z t a ! -  
u u u u  u u v  U U U 
PAGE Of!;! 
I S N  0 0 4 4  
ISN  0 0 4 5  
ISN  0 0 4 6  
I S N  0 0 4 7  
I SN 0 0 4 8  
ISM 0 0 4 9  
fSN  0 0 5 0  
-. . tSY  QDS1  
ISN  0'252 
ISN 0 0 5 3  
I, 
1 7 0  ASSIGN 330  TO KOUNT 
DO 200 1 = 11N1 - -- - - -- - -. - - - . - -- - - - - - . - - - - - -- - - - . - -  - 
TEMP = A N O ( S ( I ) r  1 )  
IF (TEMP) 180 .190 r180  - - -- - - - -- -- - 
l a c  T = X(I) 
X (1 )  = X ( I + l I  .-. - - 
X ( I + I I  = T - S < I ) * X ( I )  
GO T_Q..2QQ - - - - -  - - - -- - - - - 
1 9 0  X ( I + I )  = X ( I + X )  - S ( I ) * X ( I )  
200 CONTINUE 
L 
C PART 4. TRIANGULAR SYSTEM SOLUTLONI -. - a - - -  . -  - 
C 
- 1SN 90 5 4  219  X(N)  = X(Y) /P(ho  _ _ - - .-- ,- - --- - - .- 
ISN  0 0 5 5  X(N1) = (X (N1 )  - Q ( N l ) * X ( N ) I  / P~NIB 
ISN 0 0 5 6  DO 220 1- = 2 r N1 --- - . -  -- - -  -- - -  . - -  
ISN  0 0 5 7  K = N - I  
tSN 0 0 5 8  220  X ( K )  = ( X ( K )  - Q(K)*X(K+I) . -  R(K)*X(K_+2LL /_ PIK1- . - . - -  - - - _ - _  
C 
.-A -- - - - -- c- PART 5 .  _ ~ ~ A ~ I . N & ~ ~ ~ - M N ~ _ T L E S T B R L  . - - -- - - - - - - - - --- - - - - - - - . - 
C 
ISN  0 0 5 9  230  SUM OoPO - -.- - .- - . -- -- -- - -- - -. - - -- - . - . . 
tSN 6060  M = N  
- tSN  0 0 6 1  SCALAR =_SaRT(_DO_TPRO(_Xk?Q)- _ -  - -_ - -  . - 
I S N  0 0 6 2  DO 250  1 = 1 *N 
ISM 0063-  - - - - - - 2 5 0  X(L)_ZX(I,-CSCALAR - - _ _ _ _ - - - - - -  -- --- -- - - - ---- - - - - -  - 
I S N  0 0 6 4  GO TB KUtMT* ( 1  7Qc3301370 )  
- L 
- -- - --  ----- ---- -- - - -- - - - 
C PART 6. TRANSFORMATION B Y  ORTHOGONAL MATRICES. 
- C 
- - - - - -- -. - -  - -- - - -  - - - - - - - - - - - - 
ISN 0 0 6 5  3 3 0  L = (N* (N+1 ) ) / 2  - 4 
I S N  po66 
-- - 0 0  3 6 0  -1-=_I?!N2 --- -- -- - - - - - - -- -- - 
ISN  0 0 6 7  N I  = N - I  
I S N  0 0 6 8  
ISN  0 9 6 9  
-1SN 0070-  
I S N  0 0 7 1  
_ 1SN OF 7 2  
ISN 0 0 7 3  
I S N  0 0 7 4  
ISN  0 0 7 5  
ISN  0 0 7 6  
I S N  0 0 7 7  
-- I S N  0 0 7 8  
I S N  0 0 7 9  
ASSKCN319  TOKOUNT . . : . . . . . . . .  -. . 
GO TO 2 3 0  
3 7 0  . RETURN . . . . . . - . . . . . . . . . . .  -. . _-- . . . . . . . . . . . . . . . . . . . .  . . . .  
END 
L E V E L  2 F E B  6 7  OS /36C  FORTRAN H D A T E  69.163/11.56.50 
C O M P I L E R  O P T I O N S  - NAME= S M A I N r O P T = 0 2  r L I  NECNT=S6 r S W R C E e  BCDILIST.  OECK.LOAD.MAP.N3EDIT* I D  
- - - - - - - - . -- - - - - - -- - - - - - -- -- 
I S N  0 0 0 2  F U N C T I O N  L I M I T ( N . M )  
I S N  Q 0 0 3  K = N  . - - . - - - . -- - -- -- - -- - 
I S Y  0 0 0 4  
I S Y  0 0 0 4  L = O  - .-- - -  
I S N  0 0 0 5  DO 1 0 0  I = 1.N 
I S N  0 0 0 6  C = L + K  - -- - -  - - . - -  - - - -- -. - -. - - 
ISh( 0 0 0 7  K = K - 1  
I S N  0 0 0 8  IF  ( Y  - L)  1 2 0 * 1 1 0 e Z ~ O  - - --  - . 
ISN 0 0 0 9  1 0 0  CONTINUE 
I S N  0 0 1 0  L I M I T  = N . - - - -- - -  -- - -  . - -- - -- -- . - - - 
I S N  0 0 1 1  RETURN 
- _. 1SN - 0 U Z  l X Q  L I M I T  = L .. - _ ---__ - - _ _ _ _ _ . - - -  - _ -  - - .- - 
I S N  0 0 1 3  RETURN 
__ LSN 0 0 1 4  1 2 0  L I M - I T  -= I - X - - -A --- -- - - - -  - -- 
I S N  0015 RETURN 
J S N  0016 END - - -- . - . -- - - -  -- -. - - - - 
E - L E V E L  L I N Y A G E  E D I T Z I Q  3PTIflNS S P E C I F I E D  L I S T . M A P  
1 - 0  132  C L O C K S  
IFTWO132 DET 
I E W 0 1 3 2  P R E P  
- - . . - - 
* * + * F O R T H C L G  D O E S  WOT E X I S T  BUT H A S  BEEN ADDED T O  D A T A  SET 
**MODULE HAS BECOME N O T  E X F C U T A B L E  
D I A G N O S T I C  M E S S A G E  D I R E C T O R Y  
CONTROL S E C T  I O N  
N A M E  P R I G I N  L E N G T H  - - NAME _ L O C A T I O N  N A M E  L O C A T  I O N  N A M E  L O C A T I O N _ _  - N A M E  L O C A T I O N  
- - - - -- - - .- - -- 
6 8 0 0 - - - - - - - - -- - -. _ -  -- -- - - . - 
AMOD 00 DMOD 26 
W W L  6 68 
. -
38 DP6"3k -- -- - -- - - - - . - - -- - 
68 
D O T  P R O  A 0 4 C  
. - - - -- . -- - - - - - -- -- - - - -. -- - - - 
I N F O  F O  1 4  
S W A I N =  
- 
- .-. - '0% -3D11.6_- -  - _ -- - .  -_--- -- - - - -- - - - - . - - - 
- .  . . 
,A: $MA I N 3BA80 
B L K  1 30220 48 - 
---- -- ------ -- -- -- -- 
B L K 2  30268 S O  
B L K  5 
--- -- - 
3 0 2 F O  460 
- -2Go- -- - A - - - ----- - --- -. - -- - - - -- - - -- - - - - - - - - a ~ i x  - 3 oFK6 
B L K 7 7  
E L K 7 8  
- .  
GEORGE 
ABORT 
q B L K 6 8  
- 
R L K D S  
C L O C K =  
GEROGE 
DSRCH= 
l 8 A  
- - - -- - -- - . --- -- -  
--- -- CLOCK- 30928 
4 
--. . - - - - - - 
SEC 
D S R C H  3 D D 2 0  
- -  - -  - - - " -  - - -  
2 2 C  - 
- -  - - - -  - - -  - S C A P R =  3 E 4 7 0  
A F X =  3 F 6 A O  1 2 A C  
D E I G N S  3 F 9 5 0  4C2 
I M E Q D =  3 F E 1 B  ClO 
P E A  I Q =  4 0 A 2 8  3 C 1 A  
SCAPR 
D E I G N  
I MEBD 
. . 
P E A I Q  

NAME O 2 I G I N  L E N G T H  
I H C L T N C T *  7 0 C F B  1 0 3  
IHCSSCN * 7 0 F R O  X1C 
IHCSSORT* 7 P F 4 0  4 C  
I H C S L O G  * 7 1 0 5 0  T OC 
IHCFOVER*  7 1  1 6 0  5 0 
IHCFCVTH*  7 1 0 R O  1 0 7 C  
NAME LOCAT 1 ON NAME LOCAT I O N  NAME L O C A T I O N  
DCOTAN 7 O C F 8  D T A N  70DI4 QOTAN 7 0 E 2 C  
COS 7 3 E 8 9  S I N  7 0 E 9 C  
SORT 7 0  F  A 0  
ALOG1 0 7 1 0 5 0  ALOG 7 1 0 6 C  
OVERFL  71 1 6 0  
NAME L O C A T I O N  
ADCON= 71 180 F C V Z O  7 1 2 F C  FCVAO 7 1 3 A 2  F C V L O  71 4 3 2  
F C V I O  7 1 7 6 8  FCVEO 7 4 C 5 A  FCVCO 7 1 E 5 C  I N T 6 S W  7 2 2 1  1 
ENTRY ADDRESS 3 R P R C  
TOTAL  L E N G T H  7 2 2 2 C  
APPENDIX I1 
SP ION PROG 
This appendix contains a flow chart and listing of the 
simulations of the various models of the Ames system. The flow 
chart (Fig. 11-1) is of the MAIN program, which is suitable for 
all simulations. The only change to accommodate the simulations 
occurs in the equations of moti-on in subroutine AFX. 
The listings given are suitable. for all four models, and 
the AFX subroutine for: 1) AN, 2) MV, 3)error limited, and 
4) 6D are also given. ANL simply has limits eq, eg, 
e$ using 
three pairs of statements of the form: 
CONTINUE b - 
ICNST ( 2 4 )  
FCNST ( 2 8 )  
A l l  = A 1 3  5 0 
AITREN = 1500 
F2 LIM = 26 I ICNT = 9 I 
P i g .  11-1 Generic; Siimilation Prcgram F l o w  Chart 
0 
Ltr c 






PAGE C C 2  
XKM = 1.3/13.C 
XKC = 2.585 E E r 5  
A13 = <.P 
A¶'  = h.0 
AITREN= 15>?.." 
F 2 L I M  = 25eP 
ICNT=9 
RFAD(S.14"Y ) G A M * C * G A M 2 C * B E T 2 C  
READ(5 el001 H P H I  .HTHT sHPS I 
P I =  3.1415926 
DTR = P I  /TP?. 
GAMlC = GAWXC * DTR 
GAMEC = GAM2C * DTR 
BETXC = SET1 C * DTR 
BET2C = BET2C * DTR 
D I F  = GAMXC - GAM2C 
0 1 2  = 2.E * D I F  / A B S ( D I F )  
S D I F = S I N ( D I F )  
SG9C = S I N t G A M I C )  
CGlC = COS(GAH1C) 
SG2C = SIN(GAM2C) 
CGBC = CDS(GAM"C) 
SR?C = S I N ( 0 E T I C )  
CB*C = COS(RET?C) 
r a i c  = ssr c / c ~ l c  
C DEFINE STATE VECTOR TO BE USED AS I N I T I A L  STATE 
XYE = ( A I T R E N ) / (  XKM+XKC) *( HPHI-HTHT*( AIP*SGXC-AX3*SG2C-CGlC*TSlC 
1 ) / ( D I  2 * S D I F  1 EHPSI* ( A t  1 *CGlC-A13*CG%CGSG9,C*TBX C ) / (  DP2*SD I F )  ) 
X4E = AITREN)/(XKM*XKC) * ( H T H T / ( D I Z * S D I F )  1 
X7Z = (-AITREN)/(XKM*XKC) * ( H P S I / ( D L 2 * S D I F )  
I F 1  ICNST(IR).GT.O) GO TO 3.999 
X( f  1 = PHI*DTR-X!E 
X ( 2  I = (  VPHI-AITREN*HPHI)/ lO.b 
X ( 3  ) =  WPHI+T9 *A ITREN/ (T2*XKM)*HPHI  
X ( 4 )  = THT*DTR-X4E 
X(5  1 =(  VTHT-A1 TREN*HTHT)/lQ.r* 
X ( 6  I =  YTHT+T1 *AITREN/(T2*XKM)*HTHT 
X ( 7 )  = PSI*DTR-X7E 
X(R)=(VPSI-AITRENfHPSI)/Pn.P 
X ( Q ) =  WPSI+Tl tA ITREN/  (T2*XKM)*HPSI 
' Q 9 9  b R I T C ( 6 r 2 S ' > 7 )  ( X ( I )  . I = l t 9 )  
?'Qr FCRYAT(1H /1?X,55H I N I T I A L  STATE r / (?X.SE2S.7))  
I F (  ICNST(P3).EQ.") GO TO 4 3 7 7  
P H I  = ( X ( I ) + X I E ) / D T R  
VPHI=iF.4+X(Z +AITQEh*HPHI  
WPHI=X(3)-TI  *A ITREh/ (T2*XKM)*HPHI  
THT = ( X ( 4 ) + X a E ) / D T R  
VTHT=S e.O*X(S ) +AITRENWTHT 
WTHT=Y (6)-TS *AITREN/(T2*XKM)*HTHT 
P S I  = ( X ( 7 ) + X 7 E ) / D T R  
VPSI=' 5 .  ? * X ( S )  +AITREN*HPSI 
WFSI=X(9) -T I  *A ITREN/ (T?*XKM)*HPSI  
4 3 7 7  YZRO(I = P H I  
YZQO(Z) = VPHI 
YZRC(7) = WPHI 
YZQO(d = THT 
m i '  ' 
Y  0 Y. C 
I O W W r .  U 
C I- =% I f  Q 
> 
tt- ,- " X  
I I - m - - b  t - * m a m e *  
> 3 0 > a a \  
111, (I II I 1  II II N I 
tn .... 
. - i W b  
- Z N  
I - . *  
m t \ D  
Z Z -  
z2!2 
" " Y  
IL u a 
u - 3  
r ~ r - m u c  ~ N I T I *  m t - m o t  # ( U P  e m u ? +  f ~ ~ ~ m e t n ~ ~ f f i ~ . c ~ ~ r n a c r n o  c - ~ n e o  r - m m  
u o ~ m u r : c <  h c c J * . .  .= * C - N I N N N N N ~ ~ N N V I P ~ , ~ ~ P ~ ~ ~ ~ ~ ~ ~  * +  e 
C r C P r , r  r v . r  . - c ) c w c c ~ . + - L  - 1 e ~  6 p ) p ( e e . * # . . ( e C  V S W F I C ~ ~ . + C . V ~ C H P ( ~ ~ ~ -  S - r  1
O C ~ ~ ~ C O O O C ; C  o e c c < ~ r r n  c c r c  C ' Q C C C C O ~ ,  c c c  s c  + - c o o : , s  o c  c t - c  
7 z 7 2 z z z z z  z z 2 7 2 2 7 7  Z Z Z Z  Z Z Z Z 7 Z Z Z Z Z Z Z Z Z Z 7 Z Z Z I I Z Z  Z Z Z  
m ( ~ . m m w m w m m  ~ : m m ~ : m m c n m  m m m  m m ' m m m m v , m m m f i m v , m m m m m m c r m f i m  m v v ~  
Y l M Y l C Y Y Y  I Y Y H Y l l C  1 - M Y  ~ I Y Y Y I C e Y Y Y Y M Y l l Y l " ~ Y u -  Y L H  
L E V E L  2 F E R  5 7  O S / 5 6 T  FORTRAN H D A T E  69.179/08.13.5X 
C O Y P I L E R  O P T I O N S  - NAME= S V A I N . O P T = r ~ 2 r L I N E C N T = 5 6 * S O U R C E ~  BCDDNOL ISTeNOOECK eLOAD.MAP.NC'?OITv 1 0  
I SN 0r.'?2 
I S N  C n " 3  
I S N  00,*-4 
I S N  90'15 
ISY nqr '7  
I S Y  OCQ8 
ISY nnna 
I S N  f"'"D 
I S N  C ' l l  
ISN 0~91.2 
I SN O n  3  
ISN n 7 0 4  
I SN O n  5  
I S N  W E 6  
I S N  01777 
I S N  C q ' i B  
I S N  9 C 1 9  
I S N  r)l'?I 
IU 
W I S N  On23 
" I S N  " 9 .  2 5  
I SN m p . 5  
I S N  G C 2 7  
I S N  C " 2 8  
I S N  o-i-rs 
I SN W 3 C r  
I SN 1*\ 33 
IS*.! 2'32 
I S N  n - 7 3  
I S N  7.9 74 
I SY 7'5 35 
I S N  p *  36 
I S N  0 '7 
I SV C r q R  
I SY 3 q  39 
I S N  P 4% 
I S N  0"' 42 
I S N  :' 43 
I SN C 9 ' 4 5  
I SY n' 46 
I S M  C - & A  
ISY " ' h a  
I S 2  3°C.' 
I <Y ,-'* 51 
SbBPOUTINE  J I k P G ( Q N . C h H .  T I M E .  T L I M .  STEP.  ISW. KI EMAX ) 
I M P L I C I T  R E A L * @  (A -HvC-Z )  
C  FCRTH ORDER RUhGE-KUTTA SUBROGRAM 
C  D I M E N S I O N  OF S T A T E  SPACE CANNOT EXCEED 15 
C  hOMENCLATURE 
C  QN = CURRENT V A L U E  OF  S T A T E  
C QNM = CURRENT V A L U E  O F  S T A T E  D E R I V A T I V E  
C  K = D I M E N S I O N  S T A T E  SPACE 
D I M E N S I O N  S U M ( 1 5 ) .  QNZ ( 1 5 ) ~  QN( 1 S ) t  Q N M ( 1 5 )  
I F (  1SW.GE.O) GO T O  :00 
C  F I R S T  T I M E  
1 1 s w =  0 
TZERO = T I M E  
EMAX= FMAX 
ICNTQ=?  
H 2  = O.S*STEP 
0 0  25 I = !  r K  
SUM(1 )  = Q N M ( I  ) 
QNt ( 1 )  = Q N ( I )  
ON( I )  = Q N ( I )  & H 2 *  QhM( I )  
25 C O N T I N U E  
T I M E  = T I  ME E H 2  
GO TO 9 9 9  
C  T E S T  F O R  ERROR 
100 I F  ( 1SW.EQ.I ) GC T O  1 
I F  ( ISW.EQ.2) GO T O  1999 
C  T E S T  FOR F I N A L  ENTPY 
I F ( I C N T R e E Q o 3 )  GO TO 2 7 C  
00 125 I=1 .K 
SUM(1 )  = S U M ( 1 )  E ? s C * Q N M ( I )  
2 5  Q N ( I 1  = O N 1 4 1 1  & Hz* Q N M ( I )  
T I M F  = TZEROEH2 
1CYTR = I C N T R E l  
H2 = H 2 C H 2  
9 9 9  RETURN 
C  ERROR I N  S E T T I N G  I N P U T  TO PROGRAM 
999 W R I T F ( 6 r 8 " " )  
S O P  F C R Y A T ( 4 " H  I N T E G R A T I O h  ERROR. ISW AT ENTRY =I .?  1 
C A L L  E X I T  
C L A S T  T I M E  T H R U  
Z'nn H6 = STEP/6.7 
DO 719 I = 4  . K  
2 r Q N ( I )  = QN1 ( I 1  E H 6 * ( S U M ( I )  E Q N M ( I ) )  
1 + w =  1 
IF(T1ME.GT.R.') GC TO f R  
A T I M E  = D A B S ( T I M E )  
A l L I M  = D A B S ( T L I M )  
I F ( A T I M E . G E e A T L I M )  GO T C  7 7 7  
GO TO 9 9 9  
68 I F (  T I M E - G E a T L I  M)GO TO 777 
GO TO 7 0 0  
7 7 7  I CW = 3 




L E V E L  ? FER 57 OS/36C FORTRAN H D A T E  69e i7Q/ r8 . '4 . ,7F 
CRMPILF:q  O P T I O N S  - NAME= $MAINIOPT=t 2 s L I M E C N T = 5 5 t S ~ U R C E .  @CO,NOL I sT+N lJDECK ,LOAO , M A p , N l J E D I T ~ I D  
I SN 3.\"2 
ISN n*-3 
I S N  Oar4 
I S N  ' F 7 5  
1 5 N  n o - 6  
I S Y  0927 
I S N  ' 3 4 0 8  
ISN pnn9 
I S N  OOqC 
I S Y  : ) > X i  
I S N  Q n ' 2  
ISN n - . l 3  
ISN 0074 
I S N  F.nr5 
I S N  n C 1 6  
I S M  ?r'7 
ISN nn18 
ISY 0 0 1 9  
I S N  On2C 
I S N  CC 211 
ISN r1722 
I S N  P - 3 4  
I S W  Or  2 6  
I S N  0 0 2 7  
ISN O n 2 8  
hl I S N ~ Q ? ~  
VI 
t S N  a43C.  
I S N  0:>31 
I S N  ,3732 
SLSROUTINE  C N T R L ( b . T )  
I M P L I C I T  REAL*&  (A-H.0-Z) 
R E A L * 4  N l  .N2 1NA  .NO+KA+KO. hXA.NRSS 
D I M E N S I O N  N 1  ( X D O O )  v N 2 4 F O Q S )  
D I M E N S I O N  I C N S T ( ~ ~ ) . F C N S T ( ~ B ~ V P X ( ~ ~ * V ( I ~ ) * A L P ( I ~ )  
COMHON/A/ XCOM ( I 9 0 0  ~ 1 3 )  
CCMMON/BLKX/YZR0(9 )  
D I M E N S I O N  Y C O M ( ? 2 )  , B U F F E R ( 5 1 2 )  
D I M E N S I O N  T I T L E ( 1 2 )  r V A ( X 3 ) * D V A (  13) 
D I M E N S I O N  P F ( 9 )  .QX(9 )  
COMMON I C N S T v F C N S T  .ALP 
COMMON /ELKS /  A ( 9 - 9 )  . Q ( 9 * 9 ) . F M ( Q r 9 ) . F ( 9 ) * C F ( 9 r 9 )  
CQMMON/BLK77 /X ( I  5 )  
DATA T I T L E / * X 1 ' . ' X 2 ' . * X 3 * ~ * X 4 * * * X 5 ' ~ * X 6 ' ~ * X 7 * ~ * X B * ~ * X 9 ' ~ * V e ~  
I 'VDOT* . *NORMg/  
D A T A  I T E S T / I /  
OATA I C O U N T / n /  
K A T  = 1000. 
JSW=I  
6 O C  FORMAT(2FPO.4) 
I C O U N T  = I C O U N T  + 9 
I F (  T.EQ.FCNST ( 4 ) )  JSW=O 
IF (T .EO.FCNST(4) )  K = l  
h =K 
v ( 1 )  = 0.a 
T  =T 
C A L L  A F X (  JSW) C N T R L  
C  )9.1=1. ) I ( F (  ) 1 0 0 5 . 6 ( E T I  RW 
5 5 7 9  F C R M A T ( 1 H  / 1 X.12H F (X ) -VECTOR / l X . 9 E l 3 . 6 )  
C A L L  V L A P ( P X * V L )  
CALL VDOTA(PF. O X  .VDCT 1' 
C  P L O T T I  NG ROUT1  NES 
C  THE FOLLOWING ARE P L O T T E D  --- T H E  I N D I V  I D U A L  S T A T E  COMPONENTS-- 
C  --- L I A P U N O V  F C T  --- 
C --- D E R I V A T I V E  OF  L I A P U N O V  F C T  --- 
C --- NORM OF  T H E  S T A T E  --- 
C 




I S N  8.33 
ISY 05'34 
I S N  O r  35 3 75 
I S N  0 ' 5 6  
I S N  9038 
I S N  T"'0 
I S N  3%'0@ 7 79 
IS"1 C q O d  7 9 C  
ISV -'la3 
I S Y  "044 
TSN 0. 46 
I S N  0047 6 3 '  
I S U  r\ 48 6 3 :  
1 - 3  > ' 4 9  
NCRM OF THE S T A T E  CALC 
XhORM = 5.3 
DC 3 7 5  I = ?  s 9  
XhORM = XNORM + X (  I )**2 
I F (  T e G T o F C N S T ( 4 )  GO TO 3 8 0  
DO 779 1=X *9  
oc 379 J = 8 * 9  
X C O Y ( I * J )  = 3.0 
IF( ICOUNToNE*  I T E S T )  GC TO 2COC 
I T F S T  = I T E S T  + ! P  
IF(K.GT.Ifi9.) GO TO 0 2 C  
WQITE(6.63n)(X(I).I=1.6) 
FORMATt6F15 .7 )  
CONTINUE 
DO 385 I=l r Q  
I-I-;z 0 - = m u  
O U I F  I- r n - W  
- J n o o  0 - u  
u > > m u * I - 0  u Z Z I I U  
- X X  V X I - O * Y > C -  
X I I I I I I - * I I -  N Q U Y  r n q  
n \  c n ~  ? Y X - K , - Y  
11 - - - a  - a d  * II  a l x m  
- 0 & N 4 I n Y  - 1 1  T I + - C ~ ~ I - &  
4 0 -  e II II-J * 0 II 
* .  - Q -  - W l l - 3 n  - 0 - J C  
Y Y Y Y - I - Y Z n r  r-I-ll 
Y - V v W 4 - *  - O C 1 u a  d 
5 S I I l - 5 r Y u l X . . d a Z l - 5 J r .  
o o o o n ~ o "  0 0 - U J  
~ u u u u o ~ ~ ~ u ~ ~ u a ~ ~ o  





- 7  
N N I -  - 
Z H 6 U  
" r y -  
L I n  - 5  
J 1 1 - 0  
a 7 1 1 u  
u - x  
m r .  I t  
1Ch'- 
J I C F C  
J - 
6 0 0 - 4  
u o n z  
~i - 4  p. e . 8  5t;z:  ;"1; 
e... $ 5 : :  w m a \ c  
. . . 
"';".a. y e , ~ z x  * 
* Z O Z l l .  0 0 
a u m m v ,  
. O N % - ~ V - -  
E r z - G  n e a  
" " - E n ;  W J W  
V ) U I I L I ~ T -  m m m  
r n Z O  E X +  
X X W L Q " > * 3  











(U e a - 
e  +. U: 0 
; 'k!- J - 2 N 
- o n  .l L -  
a I - 1~ 
II * - 0  
m V )  e I- w e :  
N u m O  0 " N  
- e Z V )  J rl kg 
- )a  n .  a r z ~  
- - - Z N  W U ) -  
O ~ P I  - C  * ( r i  
U W N  - I - a x - F . 8  
 my. I- O O ~ I I ~ N  
>I 0 W J - w -  
, * - J 2 c L Q -  a -  5 
I I Z - C C Z W - I - b - I -  Z Z  
~a - W ~ F W ~ C - a  
V I J I - Z J C J I - T b I - Z t t - 3  
m J n W J Z J r w  n n Y Z I - a  
~ u w o a o 6 a 0 ~ a o  11 o w z  
Z U s u u u U ~ u a + U Y U a C  
L E V E L  2 F F B  67 0 S / 3 6 e  FORT RAN H D A T E  69.?79/?8.? 3-59 
C O M P I L E R  O P T I O N S  - NAME= BMA IN*OPT=CI 2.LINECNT=S'i.SOURCE. BCD*NOL I S T . N O D E C K ~ L O A D * M A P B N C E D I T I  I D  
I S N  00 -2  
ISN n 9 : 3  
ISN nv74 
I S N  C 9 . 5  
I S N  64' )6 
I S N  O C 0 7  
I S Y  3PC8 
ISN ctnln 
I S N  '?*?,I 
ISY 9'3.2 
I S N  rJi'23 
I S N  3P174. 
I S N  O r 1 5  
I S N  O t ' 1 6  
I S N  0937 
I S N  3918 
ISN on19 
I S Y  O??O 
SUBROUTINE DERIV(OYIYIV.T) 
I W L I C I T  R E A L * 8  (A-HI@-Z) 
D I M E N S I O N  I C N S T I Z 4 )  r F C N S T ( 2 8 ) * Y ( l S ) * V (  t 5 ) 9 D Y ( 1 5 ) 9 A L P (  1 8 )  
CCMMON 1CNST.FCNST.ALP 
COMMON /ELKS /  4(9.9)*Q(9.9)rPM(9r9)tF(9)*CF(9~9) 
JSW = 1 
C T H I S  PROGRAM I N T E G R A T E S  THE AMES E Q U A T I O N S  OF MOTION I N  T I M E  
f F ( T o E Q e F C N S T ( 4 ) )  GO T O  58 
C A L L  A F X (  JSW) 
58 DO 25 I A . 9  
3 5  DY(  I )  = 6.9 
C ) 9 r I = I + ) I ( Y D (  1 1 1 . 6 ( E T I  RW 
DO 45 I=1.9 
45 D Y C I )  = D Y C I )  + F ( I )  
C ) 9 r l = I *  ) I C Y D (  ) O P * 6 ( E T I  RW 
l r  FORMAT(  * D Y  1 THRU 9 * / (1X.9513.6)  / /) 
X I  FORMAT(  D Y  X THRU 9 * / ( lX .9E13 .6 )  //) 
T=T 
C )9.1=1. ) I ( F ( .  )9*1=1t ) I ( Y (  ) C O l r 6 ( E T I  RW 
XOC FORMAT(  Y = ' / 9E13.6 / * F ( X )  = ' / 9 € 1 3 e 6 / )  
RETURN 
E NO 
L F V E L  ? F E B  57 0 ~ 1 3 6 ~  FORTRAN H D A T E  6C.170/ '  8.T4.24 
C O Y P I L E R  C P T I O N S  - NAVE= S M A I N ~ O P T = - J ~ ~ L I N F C M = ~ ~ ~ S O U R C E ~ B C D ~ N O L I S T ~ N O D E C K ~ L O A D ~ M A P . N O E C I T ~ I D  
I S Y  "' '2 
I S N  Q.--3 
I S N  F J " 4  
I S N  O i t 5  
I S N  f n i d  
I S Y  *?"117 
ISY n.308 
I S Y  C Z S ?  
ISN i w l u  
I S Y  C " L 1  
I S N  0 0 ? 2  
I S N  3 9 r . 5  
I S N  01Y6 
I S N  c ? q 8 7  
I S N  @4) *8  
I S N  3 0 1 9  
I S N  0 5 2 0  
I SN ??? 21 
I S N  n o 2 2  
I S N  0'123 
I S N  9:324 
I S Y  0'25 
I S Y  f i r 2 6  
I <N op-7  
I S N  2)-70 
I S N  .3>79 
ISY q:?n 
I S Y  3'3 '  
S L 9 R O U T I  NE AFX ( J S k )  
I M P L I C I T  REAL*@ (A-H.@-2) 
C I F L A G ( C . 1  )" iS(EXACT.=hLY M.V. N O N - L I N E A R I T Y )  
C  .................................................................. 
COMMON / B L K ? /  P H I  I V P H I , W P H I . T H T . V T H T * W T H T * P S I ~ V P S I ~ W P S I  
COMMON / B L K 2 /  T M v T I  . T ~ ~ X K Y . X K C I A I ~  . A 5 3 ~ 0 1 2 .  A I T R E N s F 2 L I M  
COMMON / B L K 3 /  CAM! C  sGAM2C . B E T I C +  e E T 2 C  
COMMON /BLKA /  HPH I .HTHT .HPS I  
COYMON / B L K 5 /  A ( 9 . 9 )  ,Q(9.9)*FM(9.9)*F(9)eDF(9*9) 
COYYON/BLK6/  I F L A G  
COMMON/BLK X 9 / C B t  , 062  .DG1 vDG2 
COMMON/9LK77/X (1 5 1 





2 XKM .XKC r A13 *A?  3 . D l 2  * G A M I C  sGAM2C. B E T I C *  BET2C.  A I T R E N ~ H T H T I H P H I * H P S I  
o7r F O R M A T ( I H  / 1 ' 3 X . l 4 H  I N I T I A L  S T A T E  / 9EE3.E / 1 3 X . 1 3 H  I N P U T  CONSTS / 
B 1 0 x 9  2 9 H  TMITI e T 2  r X K M * X K C . A l I  9 A 1 3 t D 1 2  / 8E94.7  / 13x1 3@H GAMSCeGA 
2M?C r B E T I C * B E T 2 C r  (RAD)  / 4E14.7  / l Q X . l O H  I N E R T I A  = EP4.7 r / l Q X *  
3 1 7 H  H T H T r H P H I  9 H P S I  = 3FE4.7 / / )  
C *+**4********4***+**********%*~***h***~*********+***********%*%*h* 
P I  = 3 - 3 4 ?  5926 
OTR = P I / 1 8 3 - 0  
RTD = I B ' ? r 5 / P I  
C ................................................................... 
C 
SB2C = S I N ( B E T 2 C )  
C 8 2 C  = C O S ( R E T 2 C J  
TB2C = SR2C/CB2C 
SG3C = S I N ( G 4 M l C )  
C G I C  = COS(GAM1C)  
SGEC = S I N ( G A M 2 C )  
CGBC = COS(GAM2C)  
SBqC = S I N ( R E T 1 C )  
CBSC = C O S ( B E T I C )  
T B i C  = SBq.C/CRI.C 
SGAMI C  = SG1 C  
SGAVPC = SG?C 
I S N  00 32 
I S Y  D? 33 
I S N  0 C 3 4  
I S N  0135 
I S N  0836 
I S N  51- 37 
I S N  0 7 3 8  
I S N  0-39 
I S N  0 ? 4 0  
I S Y  004% 
I S N  729 42 
I S N  0343 
I S N  01344 
I S N  0245 
I S N  9046 
I S N  0 0 4 7  
I S N  9048 
I S N  ' 1 0 4 9  
I S M  0850 
I S N  OC51 
I S Y  0052 
I S N  F1) 53 
I S N  0054 
I S N  3 9 5 5  
I S N  O n 5 6  
I S Y  9.057 
I S N  0358 
I S N  Or59 
I S N  6040 
I S N  O " 6 l  
1 S Y  On 6 2  
I S N  0;63 
1 S N  0 6 6 4  
IShl CP65 
ISU 0166 
I S M  3 ' 3 6 7  
I S M  00 48 
I S Y  ni. 60 
C G A M l  C  = CG? C 
CGAMPC = C G Z C  
L 
C .................................................................. 
D I F  = G A M I C  - GAM2C 
S D I F  = S I N ( D I F )  
C  
C  C A L C U L A T I O N  O F  T H E  A-CAT R I X  
C  
DO 10 1=1.Q 
DO ra  J=a,9 
1r A ( I  .J) = 0.0 
,. 
L. 
A ( X  *2 )=-10 . (4 /A ITREN 
A ( 7 . 8 ) = A ( l  r 2 )  
~ ( 2  ) = x K M * X K C * ( ~  . O + T l / T 2  ) / ( l O * O * T M )  
A(2 .2 )=-1mO/TM 
A ( 5 . 5 ) = A ( 2 * 2 )  
A ( 8 s R l = A ( 5 . 5 )  
A ( 3 . 3 )  = - 1 o Q I T 2  
A ( 6 * 6 ) = A ( 3 * 3 )  
A ( 9 r Q ) = - l / T 2  
A  (3 . I  ) =-XKC*TI  /T2**?  
A ( 2 * 3 ) = X K M / ( 1 0 e O * T M )  
A ( 5 . 6 ) = A ( 2 . 3 )  
A ( B s Q ) = A ( 2 + 3 )  
A ( 2 . 4 )  = A ( 2 . 9  ) * ( - T B l C * C G I C )  
A ( 2 * 7 ) = A ( 2 9 1  ) *T i31  C * S G l C  
A ( 3 r 4 ) = A ( 3 r l )  * A ( B . A ) / A ( 2 . 1 )  
A ( 3 . 7 ) = A ( 3 ~ 1 ) * A ( 2 ~ 7 ) / A ( 2 . 1 )  
A ( 4 . 5 ) = A ( 1  .2) 
A ( 5 . 4 )  = A C 2 . 1 )  * D l 2  * S D I F  
A ( 6 . 4 ) = A ( 3 r I ) * A ( 5 . 4 ) / A ( 2 . 1 )  
A ( 8 . 7 ) = A ( 5 r 4 )  
A ( 9 ~ 7 ) = A ( 6 . 4 )  
C  
WRITE(6sS-Qr3Q) ( ( A ( I . J ) * J = 1 * 9 ) a I = l * Q )  
5 0 Q C  F O R M A T ( 1 H  / ! X . l S H  A - M A T R I X  / ( f X .  9~13.6 "ii' 
V I C = X K C * T I  /TO 
A F X  
- - 
C 
C  .................................................................. 
C  
C C A L C U L A T I O N  O F  D E l  .CB2.D61 .DG2 
C 
C N E E D S  A N G L E S  F R O M  S T A T E  V E C T O R  A N 0  COMMANO A N G L E S  A S  I N P U T  
L. 
322 P H I =  X ( 1 )  + X I ? ?  
T H T =  X ( 4 )  + X 4 E  
P S I =  X ( 7 )  + X 7 E  
$ P H I  = S I N ( P H 1  
C P H I  = C O S ( P H 1 )  
S T H T  = S I N ( T H T )  
P A G E  L ? 
X X X  
hhu.  
6 4 4  
*; N h d '  P d  
Q O I Q f 7  0 C l  
Q O I Q O c  0 ' 0  
0\ Q Q O .  0 . V  
a d c y r n . e m  a t - ~ ~ ~ , o ~ ~ r n r n m a ~ r - r n ~ ~ ~ ~ ! ~ ~ t n ~ ) r  ( O U  ~ P ~ A ( N ~ ~ - ? Q P -  
r ~ + p . f ~ p . p  ~ r - ~ ~ ( ~ m a a ' a , m a r * . m a , ~ c c ; ~ ~ u o o c l u i ; ~ -  .; r r  al 
Q ~ O C C ~ ~  ~ e c c s r r c c c . ~ t ~ ~ . e c r r . c t  * - . c L -  i. .- ~d 1 ~ ~ 4 e - d  
O C O C . O O  a o c c  ~ o c c o n c ~ c e c r a c o c ~ o :  ->r c - t . k r c c ~ s  
I S N  0 1 1 8  
ISY iv zn 
I S N  0 1 2 2  
I S N  511 24 
I S N  ?l25 
I S N  O X 2 6  
I S N  0127 
'ISN 'I128 
I S N  01130 
XSN e l 3 2  
I S N  01 34 
I S N  0135 
I S N  0136 
I S N  6 1 3 7  
I S N  33 38 
I S N  0 8 4 0  
I S M  01 4 2  
I S N  0144 
I S N  61 45 
I S N  9146 
I S M  W.48 
I S N O 0 1 4 9  
N I S N  3150 
F 
I S N  9151 
ISN a152 
I S N  9% 53 
I S N  4155 
I S N  09 57 
I S N  0159 
I S N  0160 
I S N  -1 51 
I S N  02 42 
I S N  El64 
I S N  Q166 
t SN n i  68 
I S N  0: 69 
I S N  nL7P 
I S N  11711 
I S N  C 1 7 3  
I S N  "1 75 
I S N  9177 
I S N  q178 
I S N  P I 7 9  
I S W  '-In1 
I S N  $ 1 8 2  
I S N  31 83 
I F  ( A B S ( A R G F 2 )  e L E e F 2 L I M )  F2 = A R G F 2  
I F  ( A R G F P e G T o F E L I M )  F2 = F E L I M  






A R G F S = G A I  N * D i  2*SUMS+X (6 ) -SUM4*HTHT 
I F ( A B S ( A R G F 4 )  o L E o F 2 L I M )  F P  = A R G F S  
I F ( A R G F 5 . G T . F Z L I M )  F 2 S F 2 L I M  
I F ( A R G F 5  oLT.  - F 2 L I # ) F 2  = - F 2 L I M  




F(7 ) = A c t  .2)*(SPHI*X(S)+CPHI*X(B) I / C T H T  
C 
ARGFB=+GAIN*DX 2 * S U M 6 + X ( 9  1 - S U M 4 * H F S I  
I F ( A B S ( A R G F B ) r L E o F 2 L I M )  F2 ARGFR 
I F ( A R G F B . G T o F 2 L I M )  F2 = F 2 L I M  
I F ( A R G F 8 . L T o - F 2 L I  M) F 2 = - F 2 L I M  
F ( ~ ) = A ( ~ . ~ ) * X ( ~ ) + A ( ~ S ~ ) * F ~ - S U M ~ * H P S I  
C  
F f 9 ) = A ( 3 1 3 )  * X ( 9 ) + A ( 3 * 1  ) * D l 2 * S U M 6 + S U M 2 * H P S I  
C  
IF(  JSWoGT.0) GO T O  10038 
WRITE ( 6 ~ 5 0 b 3 )  I F L A G  
5083 F O R M A T ( *  I F L A G = *  . I S s I O X . *  A L L  N O N L I N E A R L I T T E ~ * f ~  - 
90e3n GO TO ~ 0 6 3 9  
C 
10029 C O N T I N U E  
ARGF2=GAIN*EPHI+X(f ) -S.UM4*HPHI  
I F  ( A B S ( A R G F 2  ) e L E e F 2 L I M )  F2 = A R G F 2  
I F  ( A R G F 2 . G T o F 2 L I M )  F2 = F 2 L I M  
I F  ( A R G F 2 r L T o - F 2 L I M )  F2= - F 2 L I M  
F ( 2 ) = A  (2.2)  * X ( ~ ) + A ( ~ S ~ ) * F ~ - S U M J * H P H I  
- - -  
F ( ~ ) = A ( ~ ~ ~ ) * X ( ~ ) + A ( ~ S ~ ) * E P H I  
P A G E  Q C 4  
I F ( A R G F S . G T o F 2 L I M )  F 2 z F 2 L I M  
I F ( A R G F S  .LT. - F 2 L I M ) F 2  = - F 2 L I M  
F(5)=A(2.2)*X.(S)+A(2.3)*F2-SUM3*HTHT 
- -- 
F ( b ) = A ( 3 . 3 ) * X ( 6 ) + A ( J e l ) * E T W  
ARGFB=GAIN*EPSI+X(9)-SUM4*HPSI 
I F ( A R S ( A R G F 9 ) . L E o F Z L I M )  F2 = A R G F B  
I F ( A R G F B . G T . F 2 L I M )  F2 = F 2 L I M  




IF (  JSWoGT.0) GO T O  10039 
h R I T E  ( 6 . S Q n 2 )  I F L A G  
53-'? F O R Y A T ( * I F L A G = *  t I S + a O X . * M C T O R  V O L T A G E  O N L Y  N O N L I N E A R I T Y e / )  
1 ? ? 3 9  C O N T I N U E  
C .................................................................. 
C 
I S N  Cle4  
I S N  0196 
ISN " I q 7  50111 




I S N  01 89 
I S N  01'30 
RETURN 
E hD 




R 7  
G 2  
R 2  
A F X  
D B?  
D TR 
P S I  
T G 2  
XKM 
A S I N  
C G?C 
DBET 
E P  S I  
H P S I  
so I F  
S P S I  
SUM4 
TB?C 




SGAM l C  
- - _  * A I TREN 
TAG TYPE 
C R * 9  
C R * 9  
R*8 
R * 8  
R * 8  
R*  4 
C R * 8  
R * 8  
C Q*8 
R * 8  
C R*R 
XF  R * 8  
R * B  
XF R*R 
R * 9  
C R * 8  
R * 8  
R* R 
R * 8  
Rf.9 
C R*S 
C R * 8  
C R * 8  
R * 8  
R* 8 








0 0 0 0 4 8  
90CCrE8 
O C 0 0 3 F  
s)QR198 
0 0 0 9 1 8  
O O Q O O ~  
9 0 9 7  3- 
90000 (?  
OOO? 6 8  




o an1 Fn 
996038 
Q 090 28 
0 0 0 6 3 8  




NAME T A G T Y P E  ADO. 
F C R*R 0 0 0 7 9 8  
R R*8  0 0 0 3 9 8  
D F  C R*8 N.R. 
P I  R*8 OOODC8 
TM C R * 8  OOtOCO 
A111 C R*8 0 0 0 0 2 8  
DG1 C R*8 O O O O l B  
D l 2  C R * 8  0 0 0 0 3 8  
PUP n*e a c ? o a ~ n  
THT c R*B onoole 
X l E  C R*8 FOOOOO 
C B l  C R*B COOP18  
C P H I  R*8  l)0"l'.38 
E A L F  R*8 0 0 0 1 5 6  
F T H T  R*B  0 0 0 1 7 0  
HTHT C R * 8  OOOBC8 
S G t  C R*8 0 0 9 1 9 8  
STHT R*E oon iae  
SUMS R * 8  O d O l D 8  
T P H I  R*8 C O O I F 8  
VTHT C R*8 OOQO2b 
XNORW R*8 Q O Q 2 0 8  
F E L I M  C R * 8  0 0 0 0 4 8  
ARGFS R*8 0002118  
SGAMPC R*8 0 0 0 2 3 0  
D S I N  I F  000060 
AFX I 
NAME TAG T Y P E  
I I* 4 
X C R * e  
F 2 R* 8 
PM C R * 8  
T 3  C R * 8  
A 1 3  C R * 8  
DG2 C R * 8  
J SW I * 4  
R T D  R* 8 
V I C  R* 8 
X 4 E  C R * 8  
CB2C R* 8 
CPS I R * 8  
€BET R* 8 
G A I N  R* e 
S B l C  R* 8 
SGEC R* 8 
SUM2 R * 8  
SUM6 R* 8 
T T  HT R* 8 
WPHI  C R * 8  
I F L A G  C I *4  
B E T I C  C R * 8  
ARGFB R* 8 
CGAM l C  R* 8 
DCOS I F  
ADD. 
0 0 0 0 8 8  
050 OeL 





O t i 0 0 9 C  




goo 1 4  
000158 
006 178 
000 1 8 C  
30o l A O  
000 l C 0  
000 I E Q  
000 2a0 
0 0 0 0 1 0  
000 OQQ 
goo01c 
0 00 220 
008 238 
0 0 0  OPO 
NAME TAG 
J 
8 4  
G'I 
R? 
T 2  C 
DBT C 




X 7 E  C 
C G l C  
C T H T  
€ P H I  
H P H I  C 
S 8 2 C  
S P H I  
SUM3 
T B I C  - 
V P H I  C 
W P S I  C 
GAMIC  C 
B E T 2 C  C 
IBCOM= XF 
CGAM2C 
D A T A N  I F  
PAGE C " 6  
T Y P E  ADD. 
1*4 ~ w n a c  
R * B  0 0 0 L . A Q  
R * 8  c?'?C.f:B@ 
R * 8  RO(IrDC 
R * 8  c I0aO lQ  
R*R OC9OFC 
R * 8  C30FnEP 
R*8  3()0*no 
R * 8  f',BO!CI: 
R*B ooe'nzo 
R * 8  COOC*?P 
R*E am128 
R * 8  03"11 4 8  
R * 8  0 3 0 1 6 0  
R * 8  OOOGbO 
R*B n e n i 8 B  
R*B . nocx AE 
R * 8  OK.WlC8 
R*8  q Q C I E 8  
R * 8  OOGnrR 
R*8  OOCC46 
R*B C(?OOq< 
R * 8  0 0 3 f l 9 8  
I * 4  P@"O'lC1 
R * 8  0 0 0 2 4 C  
0 0 0 0 0 6  
L E V E L  2 F E B  67 O S / 3 6 0  FORTRAN H D A T E  69.179/C8n14.39 
COMPI  LrR O P T I O N S  - NAMF= SMAIN.OPT=02.L INECNT=5O~SOURCE.BCD eNOL ISTeNCDECK e L O A D * M A P . N O E O I T ~  I D  
I SN 00'72 
I S N  r)On3 
ISN on64 
I S N  3q95 
ISN on06 
ISN art07 
I S N  C O O 9  
I S Y  9o.n 
I S N  7"12 
I S N  n p a 3  
I S Y  C? !4  
I S N  $ 9 9 5  
F U N C T I O N  DBET(B~.~~*T~*ST+T*SPSI*CG~SGSSIGN) 
XKAP= ( 8 7 + 8 4 + R 7 * 8 4  *TB+(  (1 .Q+B4) *SPSI*CG+STHT*SGb*S I G N  
XMU=XKAP 
2 s Q = x M u * x M u  
X F = X M U - X K A P - T B W e 5 * S Q * ( l . Q + D . 2 5 * S Q * (  103+0.5*SQ))  
IF  (XF*XMU.FQ*~OO)  GO T O  1 
XMU=XYU-XF/ ( I .C) -TR*XMU*( I  .O+Oo5*SQ*(1 *C+Qe75*SQ)  1 )  
I F  ( A B S ( X F / X M U ) . G E e 1 . O E - 0 6 )  GO T O  2 





5 u .  








In - 0  
Y W O  
L I- 
3 . - 
I- 7 0  
u 7 3 0  
W  ( D -  .. 
L - a  a - 
a w m e  
W  I l r *  a 
a II I oh3 
- Y  W W  N W  
a r . J - 7  T I Z Y > * Y Q >  O Z Y Z  z 
W  r l l O r Z  O r  
Z I I G Y  z t - - I l l - I -  
u C Z Y " Z  z 
Y Y  . . 0 ~ 0 U Y 0 0  
a z o o o - u - L O U  
a o z  
m e  
Z - -  
o o n  
c o t -  
I n 2 4  
- a  
fit 
U  u u u  V U U  
( D V C k N V l 4 ( 0 0  C  ( D O C M N ~ ( ~ C ( C O  
C G r r c r  w - . n - .  .A r r  0 ' N R ' N N N C . N  
C c a C C C c . C C :  1: C C C C C ~ ~ , ~ ' O C  
~ ~ C I O C O O O C  rr c c c  c G G C ~ C I O  
B W Z ; 5 Z ; W 5 H W  W  z z 7 z 2 z z z z z  V I V l w w V ) l n ~ w w V )  
C I U - Y m I C r -  r - Y , - , l - Y Y M r Y  
I S N  O D 9 7  
I S N  0 9 3 8  
I S N  0039  
I SN 0040 
I S N  0041- 
4 I S N  0342 
I S N  0 0 4 3  
ISN o n 4 4  
I S N  0 Q 4 5  
I S N  0-46 
I S N  9347 
I S N  >'?.I8 
I S N  Or349 
I S N  0950 
I SN Of 51 
I S N  0 - 4  52 
I SN 37 53 
I S N  0 . ' 5 4  
I S N  0'55 




C T H I S  S E C T I O N  C A L C U L A T E S  T P E  AAMOC M A T R I X  
C U H I C H  I S  G I V E N  B Y  




X A T E  A t l r l  A 2 1 0 1  A31.I X  
c X X 
C X A12.I  ATE A22. I  A 3 2 0 1  X 
C X X 
C X A 1 3 0  I A 2 3 0  I PTC A 3 3 0  I X 
C X X 
C XXXX XXXX 
c 
C 
C I N 1  T I A L I Z A T I O N  OF AAMOD 
c 
C 
D C  10 L = 1 * N N  
DO 9 C  L A =  1 .NN 
t e  AAMOD(L.LA) = 0.0 
c 
C D E F I N E  U N I T  M A T R I X  OF  ORDER N .CALL I T  E 
D C  36 MAA = 2 r N  
30 E(MAA.MAA) = 1.0 
T H I S  S E C T I O N  CALCULATES T P E  S E C T I O N  O F  THE AMOD 
M A T R I X  WHICH I S  CCMPRISED OF A(  J. I) * E 
I P  = -N 
DO 5 0  MR=I .N 
I P  = I P  & N 
I P P  = -N 
D O  50 J R  z1.N 
- 
I P P  = I P P  E N  
DO 40 K =  Z r N  
OD 40 KA= X * N  
AM(K.KA) = A(JR.MR)  * E ( K * K A )  
K P I P  = K E I P  
KAP  = K A G I P P  
A A M O D ( K P I P . K A P ) = A P ( K I K A )  
C O N T I N U E  
L 
C 
C T H I S  S E C T I O N  AOOS THE A M A T R I X  T O  T H E  D I A G O N A L  N X N  
C ELEMENTS OF AAMOD 
C 
C 
PAGE C '  3 
1% 3 1 5 6  
1SN 2- 5 7  
I S N  O L 9 8  
I S N  $ 0 5 9  
I S N  3S65 
I S N  6 3 6 1  
I S N  OC 62 
I S N  Qm53 
I S N  0064 
I S N  0 0 6 5  
I S N  O n 6 6  
I S N  0067 
I S N  O R 6 8  
N I S N  00 c9  
ISY note 
I S N  9 0 7 3  
ISN 0 6 7 2  
I S N  Rr 73 
I S N  0 0 7 4  
I S N  0375 
I S N  W76 
I S N  (a".77 
I S N  0778 
I S N  00 7 9  
I S N  a080 
I SN C 0 9 1  
I S N  0882 
I S N  83 
I S N  0 3 9 4  
ISN onas 
1SN 0 5 8 6  
I S N  f"87 
I S Y  Or88 
I S N  9P 89 
I SN nQ99 
I S N  no91 
I S N  ?"Q? 
D O 6 5  K = P . N  
I P  = ( K - ? ) *  N  
DO 55 L T  = l r N  
DO 55 L M  = 1 .N 
I L T  = I P B L T  
I PM = I P B L M  
55 A A M O D ( I L T * I P M ) =  A A M O D ( I L T ~ I P M 1 B  A(LM.LT)  
5: CONTINUE 
c - - 
C THAT F I N I S H E S  T H E  C A L C U L A T I O N  OF AM00 .NOW WE MUST 
C P R I N T  I T  OUT BECAUSE S R E V N I  WIPES OUT PAMOO 
c 
C ) 0 0 2 s d C E T I  RW 
PO< F O R M A T t l H  / I X . 1 6 H  PAMOD - M A T R I X  // ) 
C )NN. I= I .  INN*l=J. )J. I(DOMAA( ( ) 3 6 9 2 . 6 ( E T I  R Y  
C  NOW FOR A- INVERSE 
C  
I D E  M=NNBI 
C 
C A L L  MINVD(AAMOD*  IDECINN* I S T E P *  I E R R )  
C 
C 
C  NOW AAMOD I N V E R S E  HAS REPLACED AAMOD 
C 
C  ) 1 9 2 * 6 ( E T I  RW 
291 FORMAT(1H '/ 1 X.22HAAMOD-INVERSE M A T R I X  * / I )  
C NNs 1=I 571 OC? 
C ) N N ~ I = J . ) J + I ( O O H A A O 3 6 9 2 * 6 ( E T I  RW 371 
DO 70 I B  = I r N N  - - 
P ( I 5 )  sQ.0 
D O 7 0  I C = l . N N  
7 C  P ( I B )  = P ( I 8 )  - A A M O D ( I B r I C )  * Q V ( I C )  
k R J T E ( 6 r 2 ' 3 5 )  
2*5  F O R M A T ( I H  / 1 X ~ 1 4 H  P-MATRIX * / / I  
W R I T E ( 6 . 2 9 6 3 )  ( P ( I f i ) . I R = l  .NN) . - 
C  SET P-VECTOR T O  P-MATRIX  T O  GET Q-PRIME FROM-ATP-PA =QP 
K =! 
D O 2 5  I = l . N  
D O 2 5  J=l r N  
PM(1.J)  = P ( K )  
25 IC=K&: 
C C A L C U L A T I O N  O F  A T P  ( A  TRAhSPOSE P ) 
C C A L C U L A T I O N  OF P A  (P-MATR-IX X A  ) 
DO 2 6  I = P * N  
DO 8 6  J=I .N 
DG 26 K=1 sN  
ATP(1.J) = A T P C I s J )  & A(K.1)  * P M ( K s J )  
2 6  P A ( 1 r J )  = P A ( 1 . J )  EPM(1.K)  * A ( K * J )  
OC 27 I=I .N 
D C  2 7  J=l r N  
2 7  Q P ( 1 . J )  = - A T P ( I . J )  - P A ( 1 . J )  
k R I T E ( 6 . 9 7 6 5 )  
9 7 6 5  FORMAT(1H / l X 1 3 6 H  Q FRCC P U T T I N G  P  I N T O  -ATD-PA = Q . / / )  
D094) .  I = l . N  
941 k R I T E ( 6 t P 9 6 3 )  ( O P ( I , J ) . J = l r N )  
RETURN 
w f2 




. N D - W  N 
t  - a +  LO 
U O V ) V ) V )  U1 a c o - a m -  m' n 
7 X l l l 6  U) G FI I z 0 -  ~n e m 
4 6 Z 6 r  c II) m o a a C ' C  
- .dy . 
- - 0  
'? 'N -3 LO I r C R 0 z r  u e m  w a u 
a * -  Qu, 0 Z? > a2 x 0 - W  CC I- a, ? 2 
Z + c r r a  .I U J ~  E; -01 2 ? C. G \ '4 
"I< U1? m .  0 + U J ~ V ) -  
r.lt .4- 7 4 U V )  a m  o f ?  a m  N C ;  C V I  a 0 6  a 0  O r -  -3 0 
W 6 U 6  Z -  r r m  IOU) 0 0 .  . *  - *Ic (U, 4 ? 
w a z w  - 6  W W 6  - -  a m - 9  10 o r o c  n ~ .  R c u 
z u z  ", - 1 1  m m t  c -  a u d -  m a 11 ~ I I O I I Q  c * - . -  a 
w I- 1 1 -  U Q U  Q C  I-- ~ I I U C -  d o w -  - - n - -  o 0 ?-$r 
~ 6 n  I-- & L O  a 7 -  O O Q  - *  $ 5  W O  t - 7 1 1 0 ~  U ) ~ ) I I * Y  - - e r r -  r. 
V )  Q a I I I I V )  Z r  a r Y  - l a  O -  r - a  Q Z  6 - 2  r ", c 
u J O D  1 ~ ~ 0 1  
a j  d $  ;Ed:? J < a + x  L & S ~ ~ Z F ~ ; E ~ Z E ~  4 ? F ? 4 S E  4;: 
9 8  ~ E ~ ~ Z : o Z f % ~ ~ Z b c Z $ o ~ i ; k ~ 5 o o 2 o c ~ o I : Z o U : i l Z 2 o 2 ~ ? o ~ ~ Z ~ 7 c G ~ Z o  
U I r  O O Y ~ L J ~ U ~ ~ ~ ~ ~ - ~ M ~ W - L C I ~ Z U @ ~ W C I - U ~ ~ U ~ ~ - ~ O ~ ~ - ~ U ~ ~ ~ - ~ U ~ M ~ ~  
G C  u 6 % ~  L U G  G CI C. O L '  er c c n c  o u u  L C C G  c t .- e t 
M ~ t -  D O O  e 0 m rn e w  a t - m  cturne v CJ (c 0: 2 2 s  ql ~n m b r  m m m e  4 e d  - t e e  e v f i m  M vlvl j 
LFVFL ? FEB 67 0S/366 FORTRAN H DATE 69.179/( r5.?5.13 
I S N  09 . -4  
I S N  0:)15 
I S N  One6 
I S N  (PO37 
I S N  9 9 0 8  
I S N  Ofin9 
I S N  OC;?> 
I S N  O Q l l  
ISN an12 
I S N  9393 
I S N  Q"34 
I S N  Or15 
I S N  0 0 1 6  
I S Y  QGP7 
I S N  OP38 
I S N  0 0 3 9  
I S N  C020 
I S N  q321 
I S N  0 0 2 2  
I S N  0723 
ISN nee4 
I S N  0325 
I S N  OF26 
ISN n a p 7  
CflUIPILER OPTIONS - NAVE= S M A I N . O P T = D ~ ~ L I N E C M = ~ ~ ~ S O U R C E I  BCOrNOLIST~NODECKtLOAD~MAP~NOEDITr I D  
I S N  Q B 2 8  
I S N  8229  
I S N  0339 
I S N  00 ?! 
I S N  P..32 
I S N  0 9 3 3  
I SY 3:- 34 
I S N  Or 35 
ISN 'A3,76 
I S N  C*" 3 7  
ISM on75 
I S N  Q C 3 9  
I SN 0"4n 
I S N  0 '  41 
SLBPOUTI NE QGEh 
I M P L I C I T  REAL*A (A-H.C-Z) 
C 
C GENERATION OF P O S I T I V E  D E F I N I T E  0 MATRIX 
DOUELF P R E C I S I C N  A A M O O . P * O V . A . E . A M . Q ~ P M . A T P ~ P A * Q P  
COMMON /BLKS/ A(9.91 . Q ( 9 . 9 ) r P M ( 9 * 9 ) * F ( 9 ) * D F ( 9 * 9 )  
N=9 
1. 
COMMON/A/ T H E T A ( 2 8 )  . P H I V ( 8 ) . X L A M ( 9 ) t Z T H E T A ( 2 8 )  t 
BA(2h.20)*SS(2~.2CIr20).CC(2Q.213JsZ(20.2C1*269~r 
2 g Y ( 2 C v 2 P )  eSH(2Q.23 s A A R ( ~ C ~ ~ C ) * G ( ~ X ~ * ~ O ) ~ Q O ( ~ O ~ ~ O ) *  
3 TTHFT A ( 2 8  ) 
C ) 9 r S = K t ) K ( M A L X ( .  )8.1=J9 ) J ( V I H P (  * ) 8 2 v l = I e  A T  3 6 D  ER 
I n 6 3  FORMAT(6EX2.4) 
P I  = 3.1415976 
PI;? = PI /2.  
DO 2 0 6  I=$ .28 
THETACI) = RDM(DUM) 
2f.6 T M T A ( 1 )  = -Pi? + T H E T A ( I ) * P I  
DO ?+7 1st .8 
PHI  V (  I )  = RDM(DUM) 
297 PHIVf.1) = - P I  + P H I V f  I ) *  2.* P I  
DO 2 3 8  I = 1 e 9  
XLAM(1) = RDM(DUM) 
2 6 8  XLAMCI) = 0 .  + XLAM~I) * roo. 
WRI TE(6.31 THETA.PHIV.XLAC 
3 FORMAT(23H DATA-THETA*PHTV.XLAM /(XX.9€14.71) 
hN= (N-1) * ( N-2 ) / 2  
DC 61=X*NN 
BAD =THETA t I ) 
6  ?THETA(I  ) =  AMOD(BAD.PI~) 
C WE HAVE NOW INDEXED THETA. 
C NOW WANT CONTINUED PRODUCT OF S S ( I . J * L )  FOR L=KEP.N 
C FOR EACH K = l  *N-I  OBTAiN Z(K. 1.J). 
N N I  = N-1 
6 9  DO 2 a  K=1 .NNI 
C 
DO 15 I = I * N  
DC 15 J=lI.N 
ES( I.J.L)=Q.~ 
DO 9 8  I=l .N 
ss(1.1 *L)=?.a 
bE DEVELOP SS(1 .J .L )  AS FUNCTION T H E T A ( C * K + N )  FOR L LOT. N 
AND S S i I  .JeL) FUNCTION OF P H I V ( K )  FOR L.=N 
I F ( L - N ) 2 5 . 2 3 + 2 3  
U=( ( 2 * N  -K-8) * i K - 1  ) / 2 I E N - L  
I S N  6 1 4 2  
I S N  C17 43 
I S N  0:' 44 
ISN nrabs 
I S N  0946  
I S N  00 47 
I S N  0 0 4 8  
ISY 0049 
I S N  O Q 5 C  
1SN (11;51 
I S N  nn52 
I S N  0?53 
I S N  0354  
I S N  On55 
I S N  CP56 
I S N  On57 
I S Y  0'98 
I S N  QC 59 
I S N  0060 
I S N  n n 6 l  
I S N  c"62 
I S N  9063 
I S N  0364 
I S N  0065 
I S N  0366 
I S N  0967 
I SN n o 6 8  
h, I S M  0069  
W 
I S N  0079 
I S N  0671 
I S N  0-72 
I S N  On73 
I S N  0074 
I S N  0 - 7 5  
I S N  W.76 
I S N  0177 
ISW 0078 
I S N  3079 
I S N  UP8C 
I S N  0 0 8 1  
I S N  0'1 8 2  
[SY  ncFJ3 
I S N  011 84 
I SN C' A 5  
I S N  0.)@+5 
SSC K.KeL)=COS(TTHETACMk 1 
ES(LIL.LB=COS(TTHETACV) 1 
S5CK.L .Ll =-SIN(TTt iETA(M9 ) 
SSILIK.L)=SIN(TTHETA(M) 
GO TO 35 
33 S S ( K . K e L ) = C O S ( P H I V ( K ) )  
SS(L+L .L )=COS(PHIV(K)  8 
SS( K .L .L )= -S IN(PHIV(K) )  
SS(L .K .L )=SIN(PHIY(K)  
C 
35 DO 7'3 1=1 r N  
DO 7n J=E .N 
7F CC( I * J ) = Q e E  
C 
DC 50 M = l + N  
DO 50 J-1.N 
DO 50 I = l  .N 
50 CC(MIJ)=BA(MII)*SS(I*J~L) ECC(M.J) 
0 0 2 1 0  I=P .N 
D o l i r  J = l  .N 
llE B A ( I . J ) = C C ( I * J )  
* 0 CONTI NU€ 
DO 20 I = l . N  
DO 20 J = l  * N  
2 C  Z ( K e I * J ) = R A ( I  t J )  
C  
DO 7  I =1 *N 
D O  7 J=f .N 
7 BM( I *J)=O*O 
DO 16 I=1.N 
16 B H ( I * I ) = 1 * 3  
C  
DO 40 K=I * N N I  
C  
DO 75 1-1 * N  
00 75 J=I .N 
75 SM( I. J ) = 0 * 9  
PAGF C " 2  
C 
DO 55 M=l * N  
DO 55 J=l r N  
DO 55 I = l . N  
55 SM(MvJ)=Z(K*M.I  ) * B M ( I  s J ) G S M ( M * J )  
DO 40 I = $  .N . 
DO 40 J-1 .N 
4" BM( I I J)=SM( I . J) 
C 
C BM(1.J)  I S  CONTINUED PRODUCT OF Z ( K 9 I . J )  FROM K = l  TO N-! 
C 
I F ( P P ) 4 1  r4P .3 9 
' 9  CONTINUE 
: 83 FORMAT(8H 9 M ( I  *J) / (hE15.7))  
a *  DO 7 8  I=I .N 
0 0  7 R  J = l * N  
7 8  AAR(1 . J ) = B M ( J * I )  
C 
C AAR(1. J) I S  TRANSPOSE R M (  1.J) 
I S N  O d e 7  
I S N  01188 
I S N  PrJR9 
ISN on90 
I S N  0091 
ISN no92 
I S N  W"'3 
I SN 0094  
I S N  0 0 9 5  
I S N  0096 
I S Y  - 3 0 7  
I S N  nr 98 
l S N  ?re99 
I S N  P a m  
ISN 31 n l  
I S N  0 3 a 2  
I S N  9193 
I S N  Q I " 4  
ISN n i q 5  
I SN F l  C6 
I sv_orpP7 . 
-- ---- 
I S N  0 1 9 8  
I S N  0509 
PAGE $03 
C 
DC 82 I=X.N 
DO 92 J=3 .N 
82 G ( I . J ) = O e %  
DO 85 I=( .N 
8 5  G ( 1  r l ) = X L A M ( I )  
C G ( I  .J) I S  THE LAMDA MATRIX 
C 
DO 86 1 = X  IN 
DO 96 J = l  .N 
86 OQC 1. J )=Fen 
DO 88 I = l r N  
DC 98 J 4 . N  
DO 88 M=l s N  
88 Q O ( I v J ) = G ( I  .M) *RM(M.J )CQQ( I *J )  
C 
C QQ( IeJ )=LAMDA MATRIX +BM(I.J) 
c 
DC 90 I z 1 . N  
DO On J=I.N 
90 Q ( I  .J)=OrQ . - - - 
DO 9 5  I = 2  .N 
DO 95 J=S IN 
DO 95 M=I .N 
95 Q(I.J)=AAR(I.M)*QQ(M.JttQ(I.J) 
WRITE(6.93)  ( (  Q( I . J ) . J= I .N) . I= l .N )  
- -- - 93 FORMAT(1H / I  X97"H Q ( I  . J _ N ( 1 X * 9 € 1 4 . 7 )  ) 
RETURN 
END 
L E V E L  2 F F 8  67 05/36" F O R T Q A N  H  D A T E  69 .179 /C8.15 .35  
C O M P I L F R  O P T I O N S  - N A M F =  $MAINtOPT=32rLINECNT=56rSOURCE. ACD.NOLIST.NODECK . L O A D * M ~ P * N O E D I T I  I D  
I S N  00182 
I S N  no73 
1 S N  ( r D C 4  
I S N  0005 
I S Y  FC16 
1 S N  rlO1.17 
I S N  nF.*El 
I S N  O n 9 9  
I S N  OnXb 
I S N  0 ? 1 !  
I S N  O : 1 2  
I S N  O " ' 3  
I 5 N  O n 2 4  
I S N  '3975 
I S N  n Z i 6  
I S N  0 ' 1 3 7  
I S N  OtR'18 
I S N  r ) c ? 9  
I S N  oQV' 
5 L B R O U T I N E  V L A P ( P X . V L )  
I M P L I C I T  R E A L * @  (A-H.0-Z) 
D O U B L E  O R E C I S 1  O N  AAM0D.P. Q V s A * E . A M . Q t P M * A T P * P A . Q P  
COMYON / B L K 5 /  A ( 9 . 9 )  . Q ( 9 . 9 ) r P M ( 9 . 9 )  t F ( 9 ) * D F ( 9 * 9 )  
C O M M O N / B L K 7 7 / X  ( 1  5 )  
COMMON/ALKV/  S L  
D I U E N S I O N  P X ( 9 )  
VLZ". F 
D C  250 I = ?  .9 
2 5 s  P X (  I ) =o.n 
D O  251 I=l .9 
D O  351 J= l  .9 
251 P X ( I )  = P X ( I )  E P M ( I + J ) * X ( J )  
D O  252 I =I 99 
252 V L  = V L  E X ( I  ) * P X ( I )  
C 
253 F O R M A T ( 1 H  1 3 X .  5 H  V L  = *El4.? ) 
S L  = V L  
R E T U R N  
FN) 
E J ~ \ € - < U  a I x m  
> 4 U U l - l b r l  tt;et+T$$ W U Y Y Y  
W ~ W J J A Z  4 - . & - ~ ~ o e - + t  
z a m m m o  o l ~ u a l i  I I X - I I O I I W ~  
r l - 0  \ \ \ r e  . r  * . u - ~ O L M > U - O  
I- r Z v ) ~ t i  O U  a X D  
3 U U Z Z O Z  1 1 ~ 1 1  I I ~ ~ I I  l l N I I P  
O ~ J O O X U  II L D - - ~ ~ U I - - U I  a i l  11 
a J C @ I £ T Z  I - O l r n N M u M N t h  
m a > I l O r  
u ) ~ o u u  m > o a o o o o n o > o ~ ~ w ~  
6D LISTING 
0 5 / 3 6 0  F O R T R A N  H  D A T E  49 .179 /09 .31 .T1  
C O M P I L F K  O P T I O N S  - N A M F =  S M A I N . O P T = ~ ? . L I N F C N T = ~ ~ ~ S O U R C E ~ R C D ~ N O L I S T  . N O D F C K ~ L D A 3 ~ W A P . N Q € O I T ~  I D  
I S N  0 0 0 2  
I S N  0 0 0 3  
I S N  0 0 0 4  
I S N  0 0 0 5  
I S N  0 0 0 6  
I S N  0 0 0 7  
I S N  0 0 0 8  
I S N  0 0 0 9  
I S N  0 0 1 0  
I S N  0 9 1 1  
I S N  0 0 1 2  
N 
W 
yl I S N  0 0 x 4  
I S N  0 0 : s  
I S N  0 0 1 6  
I S N  0 0 1 7  
I S N  O O T P  
I S N  O O l c  
I S N  0 3 ? 0  
I S N  0 0 7 1  
I S N  0 0 2 2  
I S N  0 0 ? 3  
I S N  0 0 2 4  
ISN 0 0 7 ~ ;  
ISY 0 0 2 6  
f S N  0 0 ' 7  
ISN 0 0 7 -  
I S N  0 0 2 9  
I S N  0 0 3 0  
1 S Y  0 0 3 1  
ISN e97?  
S U S R O U T I N F  A F X (  J S W )  
I M P L I C I T  R E A L * R  (A-H.0 -Z)  
C  .................................................................. 
COWMON / B L K X  / P H I  .VPHT ITHT. V T H T  . P S I  . V P S I  
COMMON / R L K ? /  TM.TI.T2.XKM.XKC.AlJ*A13*DXS*AfTREN*F2LIM 
COMMON / R L K 3 /  G A M l t r G A M 2 C v B E T I C . B E T 2 C  
COMMON / R L Y 4 /  H P H I I H T H T I H P S I  
COMMON / R L K T /  A ( 6 r 6 ) 9 Q ( 6 9 6 ) r P M ( 6 . 6 ) . F ( 6 . 6 )  
COMMON/BLK I ~ / D B X I D B ~ ~ D G X I D G ~  
C O M M O N / R L K 7 7 / X (  X 5 )  
C O M M O N / B L K 7 8 /  X1F.  X 3 E t  X 5 F  
C  
C  E X A C T  MODEL S T A T E  E Q U A T I O N S  
C 
C WHERE X  I S  A  N I N E  COMPONENT C O L U M N  VECTOR - A S  I S  F 1 X )  
C 
C  A N D  A  I S  9 X Q  M A T R I X  
C  
C  X-VFCTOR 1s ( P H I  r V P H I  . W P H I  . T H T  . V T H T  9 WTHT . P S I  r 
C  
- -- 
c V P S I  . Y P S I  ) 
C 
C  ................................................................... 
C 
W R I T E ( ~ ~ X O ' O ) P H I . V P H I ~ T H T . V T H T ~ P S I ~ V P S I . T M * T ~ * T ~ *  
lXKM~XKCrAlX~Al3,D12.GAM~C~GAMPC.BETlCrBET2C.AITREN~HTHTrHPHI~HPSI 
1070 F O R M A T ( * H  /IOX.I~H INITIAL STATE / 6~13.6 / Iox:a3ii INPUT CDNSTS 
l l O X .  2 9 H  T M . T ~ . T ~ . X K Y I X K C . A I ~ ~ A ~ ~ ~ O ] . ~  / B F 1 4 . 7  / I O X .  3 0 H  G A M I C * G A  
2 M 2 C * B F T l C , R F T ? C .  ( R A D )  / 4 E 1 4 . 7  / 1 0 X . l  OH I N E R T I A  = g14.7 r / l O X .  
3 1 7 H  H T H T l H P H I  * H P S I  = 3 E 1 4 . 7 / / 1  
C  .................................................................. 
P I  = 3 . 1 4 1 5 9 ? 5  
- 
D T R  = P I / l S O . O  
R T O  = 1 8 0 . O / P I  
C  .................................................................. 
C  
S B P C  = S I N ( B E T 2 C )  
C B ? C  = C O S ( R F T 2 C )  
T S - C  = S R ? C / C B ? C  
S G l C  = S I N ( G 4 Y t C )  
C G I C  = C O S ( G A M I C )  
S G 7 C  = S I N ( G A M ' C )  
C G 2 C  = C O S ( G A M 2 C )  
S B 1 C  = S I N ( 3 = T I C )  
C 5 1 C  = C n S ( Y E T 1 C )  
T S I C  = S R ' C / C 8 1 C  
SGAM1C = S G l C  
SGAMPC = SGPC 
C G P M l C  = C G l C  
CGPM?C = CG?C 
h , w w - - ~ -  
r . l r , G ' C I t I -  
X X X r r I r  
a a t t  
+++--"I 
z l n z w  
- - - r o r a  
a l c l U , V I U V ) U  
- - "  
X X X II II II II 
- 
01 I I - t e  
I \ *  t c u  
U C - Y  
\ * x  t u -  
X Y \  
I - X O  




I G n 
t Z >  
e x a  
F d l f<vC C @ G d & F d I r ? C t - 6 0 0  d N  
lc rn P P C  F P - d d d d d d d d d d c n  @In 
0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0  0 0  
G 0 0 0 0  G O O O O C O O O O O O O  0 0  
I 5 N  0 0 7 1  
I S N  0 3 7 2  
I S N  0 0 7 3  
ICJN 0 0 7 4  
I S N  0 0 7 C  
I S N  0 0 7 6  
I S N  0 0 7 7  
I S N  0 0 7 4  
I S N  0 0 7 9  
I S N  OORO 
I S N  0 0 8 1  
I S N  0 0 8 2  
I S N  0 0 8 3  
I S N  0 0 R 4  
I S N  0 0 8 5  
I S N  OOR6 
I S N  0 0 8 7  
I S N  0ORR 
I S N  OORQ 
I S N  0 0 9 0  
I S N  0 0 9 1  
I S N  0 0 9 2  
I S N  0 0 9 3  
I S N  0 0 0 4  
I S N  0 0 0 5  
I S N  0 0 9 6  
I S N  0 0 9 7  
I S N  OOQ@ 
I S N  0 0 9 9  
ISN 01  no  
I S N  0 1 0 1  
1 4 N  O l O ?  
I S M  0 1 0 7  
I 4 N  0 1 0 4  
I S N  0 1 0 5  
I S N  0 1 0 6  
I S N  O X 0 7  
I S N  0 1 0 8  
I S N  0 1 0 3  
1 5 N  0 1 1 0  
I S N  0 1 1 1  
I S N  0 1 1 2  
I S N  0 1 1 3  
ISN 0 - q ~  
I SN 0 1 1  
ISN 0 1 1 6  
ISN n l t n  
r = N  0 1 7 0  
1 S N  OI?? 
I S N  0 1 3 3  
9 0 9 1  0 4 = - 0 . 5 * X ( 4 ) * * 7 * ( 1 . 0 - X ( A ) * * 2 / 1 ' 3 e O )  
GO TO 0 9 0 7  
'2997 Y4=CTHT- I  - 0  
9 9 9 2  I F  ( A B S [ K ( 7 ) ) - 0 . 1 5 )  9 9 9 A . 9 9 9 6 . 9 0 9 4  
9 9 9 4  B 7 = - 0 . 5 * X ( 7 ) * * ? * ( 1  .O-K(7)**2 /1?.0)  
GO TO 9 Q Q 5  
9 9 7 5  8 7 = C P S I - X  - 0  
9 9 5 6  F A L F = B h * T G I - (  S P S I * T P H I + C P S I  * S T H T )  * R l + C P S I * T P H I - S P S I * S T H T  
EdFT=07+SPSI*STHT*TPHI-(SPSI-TPHI*STHT*CPSI)*Rl-TPHI*CTHT*TGl 
D G I = A T 4 N ( ( E A L F - F B E T * T G l J / ( t . O + F F E : T + ( T G l + F A L F ) * T G 3 ) )  
Gl=@G1+GAMlC  
EALF=B4*TG2+(  S P S I  * T P H I  + C P S I  * S T H T )  * R 2 + C P S I  * T P H I - S P S I * S T H T  
EBFT=S?+SPSIfSTHT*TPHI+(SD$i-TPHI*STHT*CPSI ) *R2 -TPHI *CTHT*TG2  
Db?=ATAN(  ( F A L F - E B F T f T G 2 b / ( l  - 0 + E B E T + < T G Z + F A L F ) * T G 2 ) )  
G2=DG=+GAM7C 
R = C P S I * C T H T * S B I C + S P S I * C T H T *  C G l C * C B 1  C + S T H T * S G l C * C B I C  
D B l = A S I N ( R )  
D B l = D B 1 - B F T l C  
I F  (ABS(DR7  ) - O . l )  9 9 9 7 + 9 9 9 R 1 9 9 9 P  
9 9 9 7  D B ! = D R F T ( B ~ ~ B ~ ~ T B I C . S T H T , S P S I ~ C G I C I S G ~ C ~ + ~ . O )  
9 9 9 8  R=CP SI*CTHT*SR2C-SPSI*-CTHT*CGPC*CB?C-STHT*S~PC*CB2C 
D 8 2 = A S I Y ( R )  
DB?=DB?-BET2C 
I F  ( A B S ( D B 2 ) - 0 . 1 )  9 9 9 9 ~ X 0 0 0 9 . X O 0 0 9  
9 9 9 9  DB9=DBFT(RArR7.TB7C~STHT*SPSI*CG2C~SG2C.-1-03 
1 0 0 0 9  C O N T I N U F  
c. 
C  C A L C U L A T I O Y  OF  S I X  D I M  F VECTOR 
L 
C  
B l = D B 1 + B E T l C  
B?=ORI+BFT?C 
S G I = S I N ( G I  1 
C G t = C O S ( G I )  
T B l = S I N ( B X  ) / C O S ( R X )  
T R 3 = S I N ( B 9 ) / C D 5 ( B 7 )  
S G ? = S I N ( G 2 )  
- - - 
CG?=COS(G') 
S,JM7=SUY&/T2 
S U M 7 = A I T R F N / ( I O * O * T M )  
S U Y a = 4 I  T R F N * T l / (  T 2 4 X K M )  
SUM7=CG7*ORI+CG1*DBB 
SUM9=SG1*092+SG2*DR l  
SJMR=-SUM8 
SUM9=-SG7*CG2*T82*DB1+SGX*CG1*TRX*DB2 
G 4 I N  = XKC * ( T I & T 2 ) / T 2  
F ( 1  ) = 4 ( 1 . 2 ) * ( X ( ? ) + T T H T * ( S D H I h X ( 6 1 1 )  
4 1 = - I / T M  
A k G F 7 =  (DGY + 4 ( 1  r 7 ) + ( X ( 3 ) - T B X * ( C G l  * X ( A ) - S G l * X  ( 6 )  ) *&.5)*XKC 
I F  ( A B S ( A R G F 2  ) . L F - F ? L I M )  F 2  = ARGF" 
I F  (ARGFP.GT.F7LIY)  F 2  = F 2 L I M  
I F  (ARGFP.LT.-FZ?LIY) F 2 =  - F 2 L I M  
F (  ')=A3*X(7)-SUM3*HPHI+A(2vI ) *F? /XKC 
G ( a ) = P ( 1  . 7 ) * ( C P H I * X ( 4 ) - S P H I * X ( C . )  h 
P F X  
I+N n i p 5  
1 5 N  0 1 2 7  
I S N  01?C, 
I S N  0 1 3 1  
I S N  0 1 3 2  
I S N  0  1  7 3  
I S N  0 1  3 4  
1 5 N  0176 
I S N  0 1 3 P  
ISN o x n o  
I S N  0 1 A 1  
I S N  C 1 4 3  
ISN o l a r  
ISN etas 
I S N  0 1 4 6  
I S N  0 1 4 7  
ARGFa=XYC*712*(SUM7+4(1.?)*(SUMP*X(?)+(SQIF+SUMa)*X(4)+(SG2**2*T82 
I*DUI-SGlt*7*TBXfDR~)*X(F))*4.5) 
I F ( A S S ( A P G F A ) . L E . F ? L T M )  F4 = A R G F 4  
I F (  f iRGFa.GT.F?LIM)  F A = F 2 L t M  
I F ( A 2 G F 4  .LT. - F Z L I M ) F Q  = - F ? L I M  
F ( 4 ) = 4 l * X ( ~ ) - S U M 3 * H T H T + A ( 2 ~ 1 ) * F 4 / X K C  
F ( 5 ) = 4 ( 1  .7)*(SPHI*X(d)+CPHI*X(6) > / C T H T  
ARCFfi=XKC*D' 2 * ( + S U M S - A  ( 1  . ? ) * ( S U M 7 * X ( 2 )  + ( C G 2 * * * * T B 2 * D B l . - C G 1 * * 2 * T B l *  
lDH?)*X(a)+(-SDIF+SUMQ)*X(6))*4.E;) 
I F ( A R S ( A R G F E ) . L C . F ? L I M )  F6 = ARGFS 
I F ( A R G F h . G T . F ? L I M )  Fh = F P L I M  
I F ( A R G F 6 e L T . - F % L I M )  F 6 = - F 2 L I M  
F(6)=A-*X(O)-SUM3*HPSI+A<2.I ) * F C / X K C  
C 
C 
C  .................................................................. 
C  
I F (  JSW.GT.O)GO T O  6 0 2  
W R I T E ( 6 r q 0 0 1 )  ( F ( I ) r I = l . S )  
5 0 0 1  F O R M A T (  1H / 1 X.12H F ( X ) - V E C T O R  / 1 X  s 6 E 1 3 . 6 )  




R E T U R N  
E N D  
APmENDIX I11 
TIME SHARE COMPUTER LISTINGS 
--- 
This appendix contains computer l i s t i n g s  of th ree  separa te  
rou t ines  a s  they ex i s ted  on June 12, 1969. The f i r s t  i s  a v a r i -  
a b l e  s t e p  s i z e  simulation package f o r  the OAO w i t h  zero i n i t i a l  
momentum. It i s  wr i t t en  i n  FORTRAN I V  f o r  the  GE Mark I1 time 
sharing se rv ice .  
The second r m t i n e  i s  a P-generation search rou t ine  f o r  a 
quadrat ic  Liapunov function f o r  the  nine-dimensional OAO. It i s  
i n  FORTRAN I V  fo r  the  PDP-10 t i m e  sharing service .  These time 
share  rout ines  have been used la rge ly  t o  experiment, t e s t  ideas ,  
and check; t h i s  routine,  a s  present ly  wr i t t en ,  w i l l  not  perform 
a search but  w i l l  always s e t  xi = l', i = 1,9. Modification of 
l i n e  860 t o  read "Gfl T$# 5" and de le t ion  of l i n e s  1621 and 1622 
w i l l  change it back i n t o  a search. rout ine .  
The t h i r d  rout ine  i l l u s t r a t e s  a t yp i ca l  sess ion a t  the  t e l e -  
type. It presents  a t y p i c a l  run f o r  the  Faulkner equation, and 
i s  explained by the  flow cha r t  (Fig. 111-1). The program i s  
w r i t t e n  f o r  the  Davis AL/COM system i n  FORTRAN I V .  The e n t i r e  
sess ion  a t  t h e  te le type i s  presented. It begins with a l i s t  
of the  rou t ines  t o  be executed, followed by a l i s t i n g  of the  
main rou t ine ,  the  logic  of which i s  shown i n  Fig.  111-1. 
The l i s t i n g  i s  next ed i ted  t o  demonstrate the  ease w i t h  
wh ich  t h e  case n = 2 can be changed t o  n = 9, and the  pro- 
gram i s  run. It f inds  the  quadrat ic  estimate of the  domain 
2 2 3.5 x 4- .25 xy + 2.0 y < - .05 a f t e r  examining 95 matrices.  
The corresponding volume i s  (.13912 = .019, which i s  no t  a s  
good a s  reported i n  Table 2 a f t e r  3102 t r i a l s ,  but  t h i s  rou t ine  
Notation 
Nx Is the  Number of Poin ts  x Searched t o  Date, LL the  T o t a l  
Number t o  be Searched, V Is the  Liapunov Function, V = xTpx, 
Is the  Matrix of Eigenvalues of P = sGT,  A = d e t  P, N Is 
the  Nunber of P Matrices Since the  Last  Best,  VOLUME = m 2 2 / f i ,  
Where L = XTPX or  the Present  x and VOL Is the Best Volume S So Far,  VOL = L" 2/n with L = wTpw, w the  "Worst Point." 
F ig .  111-1 Flow Chart f o r  t h e  Logic of t h e  
Main Routine 
stops after  2100 t r i a l s .  The times printed out are dummy values, 
because subroutine CHARGE, although shown here, had not yet been 
implemented. Following t h e  run, the various subroutines are 
i i s  ted. 
- i - .. n-1- a ~ r -  L'I -;f .-4 ~n ,-., ~3 w A 1 1  >: w ' 2  $A*-.1 f-. (;?w--r 
-i* U) ?" L? W \T w y 0 - -2 
q -r: f- n 4 -3: l!! i\ -== - Q o s - - - x - - X w  f- cC' 3 
\ n : 3 r f l q - 7  --an C J P - ' - T - . - I  .-is, c k 
OAO S ION 
(2 of 3 pages) 
j -- 4-50 - ,< 7-q-2, '; 
S O G  2 i c = - l w  
. 510 :'%I WT, ~ l v i c , ~  T 
I 536 ?iRd,"r'T . ' + O , ( X ( I )  , I = l  ,.j) 
546 PRI3T 31 , ( X ( I )  , ! = 5 , $ >  
I 550  3 j(=i;+i 
I 560  I, F'(T-TF>L!U ,30,30 270 29 C A L L  Arji3,:2cl ;,b ,2,:;\, i E h P  ,T ,DT ,X, 
I 580 f F ( L - 5 ) Y l  ,92,92 
I 540 92 L = J ; L l = S ; L 2 = 2  
I \ 
1 .  GOO DW 3 5  l L l n = l , $  610 ~ ~ L L C H ( I I ~ / ? ' ~ : > = ~ ~ L , ~ ( ( X ( I L . . T ~ > - Z ( I G ~ T C ~ ) ) / Z ( I ~ ~ T A ) )  
E 2 G  I F ( i ? L i C , ( (  I v I  P I >  -GdLc)94,95,95 
I GSk) 9 4  Ll=Ll-1 
, *a, . +  @$€I 95 Z ( I ! , T r = ) = r i ( I L T i \ >  
I 650 GC, Ti; 9 7  
660 91 L = L + ~  
~ 5 ' 7 t ;  Lip, Tu 13 
1 
680 97 IF(L1)48,98,$9 
C l j i ;  98 I i 3 3 = 1  
I I 
I 700 Gi3 Ti3 1 3 .  
7 1 0  99 DW 100 I P . , T A = ~  , S  
1 720 IF(HELCH(I~TA)-f~kLF~100,102,1O2 
i 730 102 L%=~2+1 
I 740  100 C ~ ~ ~ I T I  N U E  
I 750 I F ( L 2 )  10,10,103 
7 6 '  103 X & D = l  
770 G @  TW 20 
800 40 FGRPiAT:  14W X - V E C T L H  , 4 E 1 4 , 6 )  
, 810 4 1  FgHMAT(fiE14.G) 
820 END 
830C E V A L U A T I L I L  k;F F=Y L J G T  
840  S U 3 ; ; u U T . l  & t i  bLR 
i 85:)  CEi;lf'lE,N X(9 )  ,a lCN, . ,2 :Cr i ,G1Ct i ,  G L C Z  , F ( 9 )  ,T,D12,C\,S, 
8G(i C 1 = C b ~ ( X ( l > ) ; Z f r = 2 ~ ~ i ( n ( ~ ~ > ) ; 1 : 7 = C ! : S ( ~ ( 7 ) )  
' 87C $ ~ = ~ I ~ L ( X ( ~ ) ) ; S ~ = J I ! J ( ) ; ( ~ ) ) ; S ~ = ~ I D ~ ( A ( ~ > )  
8SO C C l ~ C ~ 3 ( : ~ 1 C 1 0  ; 5 C i = S l i ~  ( G 1 2 i 4 )  
899 C i 3 2 = C " s  ( x ~ . : L i ; >  ;SC;3=>I i; (:222ri) 
99u c ~ l = ~ L : ~ ( ~ ~ l G d ) ; s d l = , ~ ~ , ~ ( " i c ~ )  
3 I J  C 9 2 = C ,  L'( , c : i i : \ )  ;SuL-  31 Lv (fi2Ci-i > 
y.:!,! ; . . 1= (57 .~ -31+ i ;7+ :3 ' 46~ I ) a i ;~ , !  
$$I.! ' ,2=(C7+3!-.;7+.TLi+i; : ) : + L t i l ~ i ; : j l  
3 4 d  63zCLjeC 1,1.J , ;1 .6idl  
930 &4=(;'; 1.L 1 - ~ 7 & 5 L \ ~ $ l  ) + L L , l  
1 35<: ~95= (L ' i +<  1+5 '?*247.L1)7sL; ;15cLl  
57<! [-;g=LL'i*L*: 1 i.';<il+cL5 1 
I 
1 5 8 : ;  &Li;=-i,l i-L ?i-t,c, < ,, ,., + - I ,  
JYb -.L r =". a 4 1- , J - c . <  
I i J i C  i> .2 i= , i* l , \ . : (  t i L ~ ~ + ~ t ~ l - ~ ~ l # b G l  ) / ( L L ~ V C U ~ + A L F T ~ G I )  1 
1 G 1 0 (7 1 ZF7-f k: il, (A L,;/L,L r ) 
1 ~ Z i ;  ~ ~ = C ~ . F L ~ ; ~ . ; ; ~ S ~ ~ ~ ; ~ ~ ~ L L : ~ Y - ~ : [ ; ~ , K C G I + S ~ ~ S ~ ~ . F ~ ~ ~  
1 O A i )  C / 3 i = i ? r T r ; i > i C l i / (  1 . - i i * r i > T 1 , . 3 )  
1<14Cl D L i l = J ~ l - ~ j l L ~ <  





OAO QUNRATIG LIAPUNOV FUNCTION SEARCH 
IF ( % - I S >  3 5 , ' 3 6 ,  36 
. ChLL i )Li j  
I F  (Vd) 1 7 ,  18, 18 
X(I>=X(I)+C(I> 
- G G  T b  z g  
jjb 201 I=1,9 
3(1)=0,5*U(I) 
6 L 'I kj 1 1 0 
VL=VL+X(I > > k P X ( T  > 
TYPL 6 3 1 , V L  
i< ' l I? jk  (1.1) 
OU FLilFiiiT ( 5 b )  
T Y P ~  j ~ i o u  ,N ,vti,ti~,.ir 
Fi4rt:i'ikT( * x-VECTbR ) 
I . * 
I 
1 OAO QUADRATIC L W FUNCTION SEAEPCW 
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